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Zusammenfassung
Elliptis he Galaxien sind die gröÿten und s hwersten, gravitativ gebundenen Sternensysteme im heutigen Universum und beinhalten ein groÿen Teil an dunkler Materie
innerhalb der si htbaren, stellaren Komponente. In unserem aktuellen kosmologis hen
Modell wa hsen die Strukturen hierar his h und elliptis he Galaxien bilden si h erst
spät. Seit kurzem ist es mögli h die Vorgänger heutiger elliptis her Galaxien bei einer
Rotvers hiebung von z ∼ 2 − 3 direkt zu beoba hten. Diese waren s hon damals
sehr s hwer, aber sie s heinen um einen Faktor 4-5 kleiner zu sein und ihre projizierte
Di hteverteilung ist weniger konzentriert, was man anhand eines sogenannten kleinen
'Sersi index' von n ∼ 2 − 4 sehen kann. Die stellaren Populationen ihrer heutigen
Ebenbilder deuten darauf hin, daÿ die Entwi klung der kompakten elliptis hen Galaxien ni ht auf dissipative Prozesse und die Entstehung neuer Sterne zurü kzuführen
ist. Das Ziel dieser Arbeit ist es die Entwi klung kompakter elliptis her Galaxien mit
der Hilfe von mehr als 80 dissipationslosen (stoÿfreien) Vers hmelzungssimulationen
(Merger) zu erklären. Dafür verwenden wir vers hieden anfängli he Masseverhältnisse von 1:1 (Major Merger), 1:5 und 1:10 (Minor Merger). Die Virialglei hungen
zeigen, daÿ Minor Merger zu einer s hnelleren Entwi klung führen als Major Merger.
Wir erzeugen akkurate Anfangsbedingungen, die die Eigens haften von elliptis hen
Galaxien darstellen. Unsere Galaxienmodelle sind sphäris h, isotrop und können vers hiedene stellare Di hteverteilungen annehmen. Optional können si h die Galaxien in
einem massiven Halo aus dunkler Materie benden. Es zeigt si h, daÿ all unsere Modelle im dynamis hen Glei hgewi ht sind. Betra htet man die Entwi klung von Major
Mergern, sieht man, daÿ sie proportional mit der Masse wa hsen (re ∝ M ) und ihre
projizierten Di hteverteilungen bei allen Radien zunehmen, weshalb deren Sersi index
lei ht von 4 auf 6 anwä hst. Hier ist der dominante dynamis he Prozess die sogenannte
'violent relaxation', die mehr dunkle Materie in das Zentrum mis ht und dort das Verhältnis zwis hen dunkler und si htbarer Materie, na h einer Merger Generation, um
einen Faktor ∼ 1.2 erhöht. Der dynamis he Prozess in Minor Mergern wird dur h sogenanntes 'stripping' beherrs ht. Dabei wa hsen die Galaxien stark mit zunehmender
Masse an (re ∝ M ≥2.1 ) und das Verhältnis von dunkler zu si htbarer Masse ist für die
doppelte stellare Masse um einen Faktor ∼ 1.8 höher. Die projizierte Di hte wä hst
hauptsä hli h bei gröÿeren Radien und man erhält Sersi indizes von n ∼ 8 − 10. Bemerkenswerter Weise geben nur die Galaxienmodelle mit einem zusätzli hen Halo aus
dunkler Materie überzeugende Ergebnisse für alle Minor Merger Szenarien. Das bedeutet, daÿ dunkle Materie eine sehr wi htige Rolle bei der Entwi klungsges hi hte von
kompakten, massive Galaxien spielt. Zusammengefasst zeigen wir, daÿ dissipationslose
Minor Merger in der Lage sind, die Entwi klung von kompakten, elliptis hen Galaxien
zu erklären, da sie die Gröÿe der Galaxien deutli h erhöhen, mit zusätzli her Masse
höhere Verhältnisse von dunkler zu si htbarer Materie erzeugen und die Sersi Indizes
stark anwa hsen lassen.
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Summary
Early-type galaxies (ellipti als) are the largest and most massive gravitationally
bound stellar systems in the present Universe and ontain a signi ant amount of dark
matter within their luminous omponent. Due to the urrently favoured osmologial model, where stru tures grow hierar hi ally, these systems assemble late. Re ent
observations are able to dete t dire tly the progenitors of present day ellipti als at redshifts of z ∼ 2 − 3. These are already very massive but they seem to be more ompa t
by a fa tor 4-5 and have less on entrated surfa e density proles, represented by a
small Sersi index n ≈ 2 − 4. The stellar population of their present day ounterparts
indi ate, that their evolution annot be driven by dissipation and star formation. The
primary goal of this thesis is to investigate a s enario for the evolution of ompa t, high
redshift spheroids using more than 80 dissipationless merger simulations with initial
mass ratios of 1:1 (equal-mass), 1:5 and 1:10. Virial expe tations have indi ated, that
minor mergers lead to a more rapid evolution than major mergers. We establish a urate initial onditions, whi h adequately represent the properties of ellipti al galaxies.
We setup spheroidal, isotropi galaxies with various density slopes for the stellar bulge,
whi h an optionally be embedded in a dark matter halo. All models are shown to be
dynami ally stable. Regarding equal-mass mergers, we nd that the spheroid's sizes
grow proportional to the mass (re ∝ M ) and the surfa e densities grow at all radii,
indi ated by a weak in rease of the Sersi index from 4 to 6. Violent relaxation governs
the dynami al merging pro ess and mixes more dark matter parti les into the luminous
regime. Therefore, the entral dark matter fra tion in reases by a fa tor of ∼ 1.2 after
one generation of equal-mass mergers. In minor mergers, stripping of satellites is more
important. The size per added mass grows signi antly (re ∝ M ≥2.1 ) and the nal
dark matter fra tions in rease by a fa tor of ∼ 1.8, if the stellar mass is doubled. The
surfa e densities in rease predominantly a larger radii, leading to large Sersi indi es
of n ∼ 8 − 10. Remarkably, only the galaxy models in luding a massive dark matter
halo give reasonable results for all minor merger s enarios. This indi ates, that dark
matter plays a ru ial role for the evolution history of ompa t early-type ellipti als.
Altogether we show, that dissipationless minor mergers are able to explain the subsequent evolution of ompa t early-type galaxies, as they very e iently grow their sizes,
yield higher dark matter fra tions for more massive galaxies and rapidly in rease their
Sersi indi es.
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CHAPTER 1

MOTIVATION
In the past de ades signi ant understanding on the early evolution of the Universe
has been gained. Shortly after the Big Bang, we an observe primordial density and
temperature u tuations in the osmi mi rowave ba kground, whi h are the starting
point of galaxy formation. These small density ontrasts are the seeds for the rst
agglomerations of dark matter, whi h grow to more massive halos, where the barioni
gas an ool and form stars and galaxies (White & Rees, 1978). In the urrent pi ture of
the ΛCDM model, the further evolution and growth of these rst, gas-ri h disk galaxies
is primarily dominated by merging (Toomre & Toomre, 1972). In their hypothesis,
Toomre (1977) oined the idea, that major disk mergers may result in intermediate
ellipti al galaxies (Barnes, 1992; Naab & Burkert, 2003; Naab & Ostriker, 2009). Re ent
observations have shown, that some of this early-type ellipti als are massive (M∗ ≈
1011 M⊙ ), very ompa t (ee tive radii of Re ∼ 1kp ) and quies ent at a redshift of
z ∼ 2 − 3 (Daddi et al., 2005; Trujillo et al., 2006; Longhetti et al., 2007; Toft et al.,
2007; Zirm et al., 2007; Trujillo et al., 2007; Zirm et al., 2007; Buitrago et al., 2008;
van Dokkum et al., 2008; Cimatti et al., 2008; Franx et al., 2008; Sara o et al., 2009;
Damjanov et al., 2009; Bezanson et al., 2009).
One major problem of galaxy evolution stems from the fa t, that su h a population
does not exist in the present universe (Trujillo et al., 2009; Taylor et al., 2010). Instead,
present day ellipti als are mu h more extended and their ee tive radii are larger by
a fa tor of ∼ 4 − 5. The most promising s enario to pu up a galaxy's size are
dissipationless dry major and minor mergers, whi h are also expe ted in a osmologi al
ontext (Kho hfar & Silk, 2006; De Lu ia et al., 2006; Guo & White, 2008; Hopkins
et al., 2010). As major mergers add a big amount of mass ompared to, e.g. the ee tive
size growth or de rease in velo ity dispersion, they annot be the main evolutionary
path (White, 1978; Boylan-Kol hin et al., 2005; Nipoti et al., 2009a). Furthermore,
they are highly sto hasti and some galaxies should have experien ed no major merger
at all, and would therefore still be ompa t today. On the other hand, minor mergers
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an redu e the ee tive stellar densities, mildly redu e the velo ity dispersions, and
rapidly in rease the sizes by building up extended stellar envelopes, whi h grow insideout (Naab et al., 2009; Bezanson et al., 2009; Hopkins et al., 2010; Oser et al., 2010).
However, there are doubts whether this s enario works quantitatively (Nipoti et al.,
2003, 2009a) or if other physi al pro ess are required.
The best way to investigate the pro ess of dissipationless en ounters of two or more
galaxies are numeri al N-body simulations. In re ent years the omputational power
has evolved and in reased very qui kly, allowing us to perform very high resolution simulations, whi h signi antly redu e the impa t of numeri al artefa ts. Therefore, they
are the best way to explore the di ult nature of mergers, whi h are highly non-linear
phenomena, implying strong potential u tuations on very short times ales, whi h violently hange the ongurations of galaxies. Equipped with powerful numeri al tools,
we an ask the interesting question, if the new parti le distribution, established by a
galaxy en ounter always gives some universal prole like an isothermal sphere for the
stellar omponent or an NFW-prole (Navarro et al., 1997) for the dark matter halo,
as is typi ally assumed for massive, present-day ellipti als.
A lot of work has already been done in order to push our knowledge of galaxy
formation and evolution, but there are still many interesting, open questions, whi h
we want to address in this thesis:

• What pro esses inuen e the dynami s of oales ing galaxies?
• Is dissipationless merging a viable me hanism to in rease the sizes of ompa t
early-type ellipti als?
• How does the stru ture hange in either a minor or a major merger?
• What is the main driver for the observed inside-out growth of high redshift ellipti al galaxies?
In Chapter 2 we start with a short summary of observations on erning the evolution
of ellipti al galaxies and the previous numeri al work before we give an overview of the
used N-body odes in Chapter 3. To investigate all the above questions, we develop a
program, whi h is able to reate parti le distributions of spheri al, isotropi systems
and he k them for stability in Chapter 4. Further, in Chapter 5, we take a loser
look at the dynami s of merging galaxies and the involved pro esses. Our rst paper,
whi h will be submitted soon, mainly addressing the investigation of the dynami s and
the galaxy evolution is shown in Chapter 6. The ee t on observables like the surfa e
density or surfa e brightness is summarized in Chapter 7, before we nally draw our
on lusions in Chapter 8.

CHAPTER 2

OBSERVATIONS
2.1 Ellipti al Galaxies
Ellipti al Galaxies are the most massive stellar systems in our universe and thought to
be the nal stage of galaxy evolution. This results from the ommon pi ture of galaxy
formation and evolution, where stru ture in the universe grows hierar hi ally (White
& Rees, 1978; Davis et al., 1985). In the favored ΛCDM model (Komatsu et al., 2011),
the most massive early-type galaxiess are supposed to be formed in gas ri h major
disk mergers at a redshift of z ∼ 2 − 3 (Davis et al., 1985; Bournaud et al., 2011).
Early ollisionless simulations of equal-mass disk mergers already showed, that they
ni ely reprodu e the prin ipal stru tural properties of bright ellipti als (Toomre, 1977;
Negroponte & White, 1983; Barnes, 1992), whi h are slowly rotating systems with shallow entral surfa e brightness proles (Bender et al., 1989; Kormendy & Bender, 1996;
Kormendy et al., 2009; Lauer et al., 2005). Although the formation and evolution of
ellipti al galaxies strongly depend on the dierent morphologies of the progenitors and
en ounter geometries, they show a remarkable regularity in their stru tural properties.
The most famous rami ation of this regularity is shown in the fundamental plane
of ellipti al galaxies, whi h ombines their half-light radii re , ee tive surfa e brightnesses Ie and velo ity dispersions σ interior to re (Djorgovski & Davis, 1987; Faber,
1987; Dressler et al., 1987; Djorgovski et al., 1988; Bender et al., 1992, 1993). It is
often explained as

Re ≈ σ a I b ,

(2.1)

where observations yield the exponents a ∼ 1.5 and b ∼ −0.8, whi h diers from
simple virial expe tations, where a = 2 and b = −1. The reason for this 'tilt' of the
fundamental plane is urrently not lear, and might be explained by variations in the
mass-to light ratio M∗ /L or an in rease of the entral dark matter fra tion (BoylanKol hin et al., 2005) ombined with stru tural hanges (e.g. Capelato et al. 1995;
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Figure 2.1: This gure shows the position of a ompa t early-type galaxy (bla k ir le)

with respe t to the most re ent mass-size relations. Due to its extreme ompa tness, it
lies well below the high redshift estimation (red line).
Graham & Colless 1997; Pahre et al. 1998).
Furthermore, all ellipti al galaxies are surprisingly well behaved and an all be
tted remarkably well by the Sersi fun tion (Sersi , 1968)
1/n −1)

I(r) = Ie · 10−bn ((r/re )

,

(2.2)

whi h is a generalization of the de Vau ouleurs r 1/4 law. Of ourse, introdu ing an additional parameter, the Sersi index n, improves the t for a big variety of ellipti als,
but observational data also supports the idea, that the index n has a physi al meaning.
For example, it well orrelates with the ee tive radius re and the total absolute magnitude of ellipti al galaxies (Caon et al., 1993; D'Onofrio et al., 1994; Graham et al.,
1996; Graham & Colless, 1997; Graham, 2001; Trujillo et al., 2001, 2002; Ferrarese
et al., 2006; Kormendy et al., 2009).
Despite the main body of regular early-type galaxies, re ent observations have revealed a population of very ompa t, massive (≈ 1011 M⊙ ) and quies ent galaxies at
z∼2 with sizes of about Re ≈ 1kpc (Daddi et al., 2005; Trujillo et al., 2006; Longhetti
et al., 2007; Toft et al., 2007; Zirm et al., 2007; Trujillo et al., 2007; Zirm et al., 2007;
Buitrago et al., 2008; van Dokkum et al., 2008; Cimatti et al., 2008; Franx et al.,
2008; Sara o et al., 2009; Damjanov et al., 2009; Bezanson et al., 2009). Figure 2.1
highlights the position of this population with respe t to the most re ent mass-size
relations (Shen et al., 2003; Bernardi, 2009; Guo & White, 2009; Nipoti et al., 2009a;
Auger et al., 2010; Williams et al., 2010). It indi ates that present day ellipti als of
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Figure 2.2: The top panels show the observed evolution of the radial surfa e density of

early-type ellipti als from a redshift z ∼ 2 (blue lines) to the present day (red lines). The
bottom panels depi t the a ording mass assembly. Obviously, the entral surfa e densities
are not ae ted and the galaxies grow inside out, by developing an outer extended envelope.
(Image ourtesy of van Dokkum et al. 2010)
similar mass are larger by a fa tor of 4 - 5 (van der Wel et al., 2008) with at least an
order of magnitude lower ee tive densities and signi antly lower velo ity dispersions
than their high-redshift ounterparts (van der Wel et al., 2005, 2008; Cappellari et al.,
2009; Cenarro & Trujillo, 2009; van Dokkum et al., 2009; van de Sande et al., 2011).
The measured small ee tive radii are most likely not aused by observational limitations, although the low density material in the outer parts of distant galaxies is di ult
to dete t (Hopkins et al. 2009a). Their lustering, number densities and ore properties indi ate that they are probably the progenitors of the most massive ellipti als and
Brightest Cluster Galaxies today (Hopkins et al., 2009a; Bezanson et al., 2009).
As this population of early-type galaxies was just found in the last de ade, the possible evolution s enarios are under strong debate. However, in a osmologi al ontext,
frequent dissipationless galaxy mergers are the most promising s enario to explain the
subsequent rapid size growth in the absen e of signi ant additional dissipation and
star formation (Cole et al., 2000; Kho hfar & Silk, 2006; De Lu ia et al., 2006; Guo &
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White, 2008; Hopkins et al., 2010). Furthermore, observations and theoreti al studies
of merger rates support the merger driven evolution, as galaxies undergo, on average,
about one major merger sin e redshift ∼ 2 and signi antly more minor mergers per
unit time (Bell et al., 2006b; Kho hfar & Silk, 2006; Bell et al., 2006a; Genel et al.,
2008; Lotz et al., 2011). However, using virial estimations (Naab et al., 2009; Bezanson
et al., 2009) and the fa t that not all galaxies had a major merger sin e a redshift of
z = 2, major mergers are not e ient enough to explain su h a high size evolution. But
they do happen and early theoreti al work has shown, that they have a big inuen e
on the stru ture of spheroidal galaxies (see next se tion for a summary).
Anyway, re ent full osmologi al simulations (Kho hfar & Silk, 2006; Naab et al.,
2009; Oser et al., 2010) and observations (van Dokkum et al., 2010; Williams et al.,
2011) pointed out the importan e of numerous minor mergers for the assembly of massive galaxies, whose dissipative formation phase is followed by a se ond phase dominated by stellar a retion (predominantly minor mergers) onto the galaxy. Additionally,
minor mergers are parti ularly e ient in redu ing the ee tive stellar densities, mildly
redu ing the velo ity dispersions, and rapidly in reasing the sizes, building up extended
stellar envelopes (Naab et al., 2009; Bezanson et al., 2009; Hopkins et al., 2010; Oser
et al., 2010, 2011). The latter is also in very good agreement with re ent observations
of van Dokkum et al. (2010), whi h indi ate, that the entral surfa e densities of earlytype galaxies do not hange from a redshift of z ∼ 2, but todays ounterparts have
assembled a huge amount of mass in the outer parts (r > 5kp , see also Fig. 2.2).
Although many re ent theoreti al and observational results indi ate, that dissipational minor mergers e iently boost the size growth of ellipti al galaxies, it is yet
not lear, if this s enario works quantitatively. Nipoti et al. (2003, 2009a) argue, that
dissipationless mergers go in the right dire tion, but are by far not e ient enough
to over ome the big size dis repan y between ompa t early-types and present day
ellipti als. Furthermore, in the rst paper (Nipoti et al., 2003) they on lude, that the
remnants of multiple mergers neither follow the Faber-Ja kson relation (Faber & Ja kson, 1976) nor the Kormendy relation (Kormendy, 1977). In the more re ent papers
(Nipoti et al., 2009b,a) they additionally nd that their results introdu e a large s atter
in the s aling relations of the fundamental plane. The 'tightness' of the fundamental
plane sets stringent limitations, so that at maximum 50% of todays ellipti als an have
assembled via dry merging (Nipoti et al., 2009a).
Obviously, it is still ontroversial, if dissipationless mergers are the main evolutionary path for ellipti al galaxies. Given the still growing amount of observational data
for the high-redshift universe, it is desirable to ll the gap regarding the theoreti al
ba kground. In this thesis, we want to ontribute to the dis ussion, if dissipational
mergers are the driving for e, with respe t to the evolution of ellipti al galaxies or
if we need some ombinations with other possible s enarios like AGN feedba k (Fan
et al., 2010).
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7

2.2 History of merger simulations
In this se tion we give a small overview of the previous work in the eld of merger
simulations of spheroidal, isotropi galaxy models. As the power of omputers in reased
very fast sin e the pioneering work in the late 70's, the resolution of the rst simulations
was really poor, ompared to re ent ones. Nevertheless, most of the many interesting
results are still robust.

2.2.1 First simulations of spheri al galaxy mergers
Starting in the late 70's White (1978) made the rst N-body simulations of spheri al
equal-mass mergers, by using only 250 softened parti les for ea h progenitor galaxy (see
also Fig. 2.3). One result was, that whenever two galaxies overlap signi antly at the
peri enter, tidal intera tions, mainly dynami al fri tion, lead to a rapid nal oalesen e. The nal remnants suer from mean eld relaxation (violent relaxation), whi h
widens the energy distribution of the binding energies (see Fig. 2.4) and indi ates a
break in homology. This results in an extended envelope a ompanied by a higher entral on entration of the nal galaxy. Furthermore a strong mixing between 'halo' and
entral parti les o urs during the relaxation pro ess (see also Villumsen 1982), whi h
weakens population gradients during an equal-mass merger (see also White 1980). By
a loser investigation of the merger dynami s of radial (head-on) orbits, both progenitor galaxies experien e a strong inward impulse during the rst overlap, as the mass
interior to their position in reases immediately. This results in a entral ontra tion
relative to the equilibrium onguration, whi h is followed by a boun e of the parti les,
when the galaxies separate again and leave the 'deep' potential well. Consequently the
outer parts of the galaxies expand and a quire a big amount of the orbital energy (see
also van Albada & van Gorkom 1977; Miller & Smith 1980; Villumsen 1982).
In the following work, White (1979) found out, that the density and velo ity stru ture of merger remnants only weakly depend on the initial distribution of the progenitor
galaxy and the orbit. The velo ity dispersion stays nearly isotropi and the radial density proles have power-law form ≈ r −3 , whi h an reasonably well be tted by a de
Vau oulers surfa e brightness prole (de Vau ouleurs, 1948).

2.2.2 Early high resolution simulations
Miller & Smith (1980) performed similar simulation, but he was the rst, using a very
high resolution of nearly 100000 parti les. They onrmed the ontra tion, whi h o urs just after the losest approa h, and nd that the initial diameter of the progenitor
galaxies de reases by a fa tor of two, before some parti les get lost or build up an
extended envelope, in the dire tion of motion, during the subsequent expansion. Regarding the distribution of binding energies and angular momenta, they also evolve
non homologous during the merger event and the es aping parti les arry away a large
fra tion of angular momentum. Furthermore, Miller & Smith (1980) looked at the
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Figure 2.3: This shows one of the rst head-on ollisions of spheri al galaxies from White

(1978). Already with this very poor resolution, ea h galaxies onsists of 250 parti les, he
found very interesting results, regarding the merger dynami s and stru tural hanges of the
nal remnant.

2.2 History of merger simulations

9

Figure 2.4: In this pi ture of White (1978) we an already see the ee t of violent
relaxation, whi h widens the initial energy distribution (top panel), produ es es aping parti les (parti les with negative energies, bottom panel) and implies a signi ant amount of
mixing, indi ated by the width of the bars (see White (1978) for details).
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orbits of single parti les, during the phase of ontra tion, and nd that all parti les are
ae ted as they show a kink in the orbital motion. Finally, due to an energy transfer
from the orbit to the galaxies, all remnants pu up and are more loosely bound.

2.2.3 The rst unequal mass mergers
Villumsen (1982) was the rst who made simulations of both, equal-mass en ounters
and unequal-mass en ounters with mass ratio 1:2. He also laims, that the mixing
of the two galaxies is very e ient in the ase of equal-mass mergers, whi h weakens
radial metalli ity or olor gradients, but in the ase of unequal-mass mergers this
s enario is no longer valid. Be ause the small in-falling galaxy is less tightly bound
it be omes disrupted at an early stage of the merger, and its ore would not merge
with the one of the host. Espe ially after the rst lose en ounter, when the parti les
boun e out of the total ombined potential the smaller galaxy explodes and its parti les
either get lost or assemble in the outer envelope of the bigger host galaxy. Therefore
unequal-mass mergers do not weaken the radial gradients, but even might build up
a olor gradient from the enter (older host stars) to the outer parts (blue a reted
stars). Furthermore, the remnants of equal-mass mergers either an be prolate, oblate
or triaxial, whi h strongly depends on the orbits angular momentum but all have an
anisotropi velo ity distribution and their density proles remains a Hubble prole
(∼ r −3 ), whi h ontradi ts Lynden-Bell (1967) theory of violent relaxation, whi h
would lead to an isothermal sphere (∼ r −2 ).

2.2.4 Multiple galaxy mergers
Farouki et al. (1983) was the rst who simulated higher merger generations with a
dire t N-body ode, starting from a King model. Their parti le resolution was lower
than some of the previous work, but by a lever sampling for higher generations, the
1000 parti les are enough to give interesting results. Assuming energy onservation and
homology, they nd simple analyti relations for the evolution of equal-mass mergers,

σ = const,

R ∝ M,

ρc ∝ M −2 ,

(2.3)

to whi h they ompared their simulation results. Thereby, they nd, that the half-mass
radius lies exa tly on the relation of Eq. 2.3 but the fra tion of the half-mass radius to
the radius in luding 10% of the mass Rh /R10 in reases with ea h generation, although
it should stay onstant, assuming homology arguments (see also Fig. 2.5). Due to
the break of homology, they also nd a developing low surfa e brightness envelope in
ex ess of a de Vau ouleurs r 1/4 law (de Vau ouleurs, 1948). Consequently they nd the
same ore ontra tion s enario for the remnant as White (1978), whi h in orporates an
in reasing entral velo ity dispersion σ . As log σ in reases linearly with log M , Farouki
et al. (1983) orre tly argue, that su essive mergers establish a s ale-free relation
between these properties. By tting the evolution of the velo ity dispersion, they get
an exponent n = 4 − 5 for M ∝ σ n , whi h ni ely agrees with the observed Faber
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Figure 2.5: This pi ture of Farouki et al. (1983) indi ates ni ely the break of homology

due to multiple equal-mass mergers. We an see, although the half-mass radius (Rh , top
panel) evolves as expe ted from simple virial expe tations, the entral densities (middle
panel) do not. This is due to a relative ontra tion of the entral regions, as the mass
radius in luding 10% (R10 ) of the total mass in reases mu h less than the half-mass radius
and the ratio Rh /R10 grows with ea h generation.
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& Ja kson (1976) relation L ∝ σ 4 , onsidering a onstant mass-to-light ratio M/L.
Furthermore, the velo ity dispersion seems to stay isotropi only in the innermost
regions, whereas it gets radially biased (to ≈ 50%) in the outer parts of the remnant,
where a low density envelope has developed.

2.2.5 The work of Nipoti et al.
In Nipoti et al. (2003) they performed hierar hies of equal-mass and unequal-mass
mergers. In the end, the nal remnants are triaxial systems with axis ratios 0.5 ≤
c/a ≤ 0.7 and 0.7 ≤ b/a ≤ 0.8, where a,b and are the major, intermediate and
minor axis. By tting Sersi proles (Sersi , 1968) to every remnant, they get an
in reasing Sersi index with in reasing mass in a ordan e with observations, where
the more massive ellipti als usually have higher Sersi indi es. The velo ity dispersion
in reases with mass and does not stay onstant as given by virial expe tations for
equal-mass mergers. Nipoti et al. (2003) show, that the in rease of the velo ity an be
a ounted by the es aping mass, whi h o urs for ea h merger generation. However,
the half-mass radius evolves like the virial expe tations. Traditionally, so far, merger
simulations involving a dark matter omponent have just investigated disk en ounters
(González-Gar ía & van Albada, 2005), thus Nipoti et al. (2003) are among the rst who
used two- omponent models for spheri al galaxy mergers. Nevertheless, they on lude,
that bulges embedded in a dark matter halo, do not give a signi ant modi ation in
their results. Investigating observable relations, like the fundamental plane and two of
its proje tions (Faber & Ja kson 1976- and Kormendy 1977-relation), they nd, that
although the fundamental plane is well reprodu ed for their merger hierar hies, the
two proje tions are not.
In a more re ent paper Nipoti et al. (2009b) ompared a large set of ollisionless
merger simulations (major and minor) with the fundamental mass plane, whi h is
given by lensing onstraints. Thereby, they nd that dry merging preserves the nearly
isothermal stru ture of their progenitors and moves galaxies along the mass-plane. But
it moves galaxies away from the mass-size and mass-velo ity relation, in a way, that
the radius in reases to rapidly, whereas the velo ity dispersion does not. Additionally,
dry merging introdu es a large amount of s atter in these relations, whi h sets further
onstraints on the assembly history and the dark matter fra tion within the ee tive
radius in reases only be ause of the rapid size growth and stays onstant within a xed
radius. Finally, they on lude that present day early-type galaxies ould not have
assembled more than 50% of their mass by dry merging.
For the following work, Nipoti et al. (2009a) uses the same simulations and s ales
his progenitor host to be a ompa t early-type galaxy with an ee tive radius of Re =
0.9kpc, whi h an be observed at a redshift of z ∼ 2 (van Dokkum et al., 2009).
Considering the dierent major and minor merger hierar hies of the previous paper
(Nipoti et al., 2009b), they show, that dry mergers an bring the ompa t early type
galaxies loser to the present s aling relations but quantitatively the pro ess is not
e ient enough. Additionally, dry mergers introdu e to mu h s atter to the very tight
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s aling relations, thus only 45% of the stellar mass of today's early type galaxies an
be assembled due to this me hanism.

2.2.6 Highly resolved Major Mergers
Boylan-Kol hin et al. (2005) and Boylan-Kol hin et al. (2006) used highly resolved
major merger simulations of two- omponent models (stellar bulge+dark matter halo)
to show, that the fundamental plane is preserved and that the small tilt in the fundamental plane is due to an in reasing entral dark matter fra tion. The latter result
is also in good agreement with re ent observations whi h indi ate, that stellar massto-light ratios are relatively onstant with mass and annot a ount for the tilt in the
fundamental plane. They also pointed out, that the Faber & Ja kson (1976) and the
mass-size relation strongly depend on the merger orbit, as in-falling galaxies suer
mu h more from dynami al fri tion for orbits with high angular momentum, whi h
then yields a high energy transfer from the bulge to the halo. The higher the energy
transfer, the more ompa t is the nal bulge and the higher be omes the velo ity dispersion. On the other hand, by using mainly radial orbits, dissipationless merging is a
natural me hanism to hange the slopes of the R − L and L − σ -relation, whi h an be
observed in the brightest luster galaxies.
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CHAPTER 3

NUMERICAL METHODS
3.1 Numeri al N-Body odes
Many astronomi al obje ts, su h as galaxies, globular and galaxy lusters or espe ially
osmologi al old dark matter systems an be regarded as gravitational N-body systems. In all those systems, the extend of one single body is very small with respe t
to the spatial distan e to other bodies. Then, the intera tion of ea h parti le in a
gravitating system an simply be des ribed by Newton's law,

ai = −

X Gmj
j6=i

rij3

(ri − rj ),

(3.1)

where ai is the gravitational a eleration, ri and rj are the positions of parti le i and
j , respe tively. The parti les separation is given by rij = |rj − ri |, mj is the mass of
parti le j and G the gravitational onstant.
Although this allows an a urate des ription of a dynami al system, the omputational time for N parti les in reases proportionally to ≈ N 2 . Therefore, the dire t
summation or 'Parti le-Parti le (PP) method' (see also Ho kney & Eastwood 1981)
is limited to parti le numbers of N ≈ 105 , whi h is mu h too small, ompared with
re ent high-resolution simulations with ≥ 1011 parti les (e.g. the 'Millenium Simulations', Springel et al. 2005; Boylan-Kol hin et al. 2009). These simulations are arried
out with a dierent ode ar hite ture like a 'hierar hi al tree- ode', whi h redu es the
omputational time to N log N . We use two odes for this thesis, VINE (Wetzstein
et al., 2009) and GADGET 3 (whi h is the updated version of GADGET 2, see Springel
2005), where the rst uses a 'binary tree' and the se ond an 'O t tree' (Barnes & Hut,
1986). Therefore, we rst give a brief summary of the time integration, the for e alulation, and the hoi e of gravitational softening, whi h is very similar or equal for
both odes. Afterwards we show the dieren es of the two dierent tree stru tures.
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The equations of motion, a ording to Newton's law (Eq. 3.1), are ordinary dierential equations,

dri
= vi ,
dt

(3.2)

dvi
= ai ,
dt

(3.3)

where vi and ri are the velo ity and the position of parti le i, respe tively, and the
a eleration ai is given by Eq. 3.1.
Gravitational for es are long range for es, implying a large dynami al range. Consequently, this ae ts the equations of motion in a way that they are highly non-linear
and annot be solved analyti ally if the problem involves more than two bodies. Therefore numeri al simulations are the only way to study the formation and evolution of
ollisionless multi-parti le systems. In the numeri al approa h, the rst-order dierential Eqs. 3.2 and 3.3 are repla ed by linear dierential equations and the positions ri
and velo ities vi are evaluated at dis rete time intervals.
Both odes, GADGET and VINE use the ommon 'leapfrog' integrator to advan e
the parti les in time, but the form is slightly dierent. The expli it leapfrog s heme of
VINE is the so- alled 'drift-ki k-drift' (DKD) method:
n+1/2

ri

vin+1
rn+1
i

1
= rni + vin ∆tni
2
n+1/2
n
= vi + ai
∆tni
1
n+1/2
= ri
+ vin+1 ∆tni ,
2

(3.4)
(3.5)
(3.6)

where ∆tni is the parti le's time step from n to n + 1. In the 'ki k-drift-ki k' method
used in GADGET, the s heme of the velo ities and positions is opposite, in the sense
that the positions are updated ea h integer step and positions ea h half-integer step.
Comparing both s hemes, the latter one seems to be slightly more a urate, regarding
error properties (Wetzstein et al., 2009).
In order to produ e an a urate integration, time steps should be neither too large,
nor to small, be ause too large time steps an destroy the stability of a system and
too small time steps waste a huge amount of omputational time. Therefore, both
odes assign ea h parti le an individual time step, where VINE applies the method of
Hernquist & Katz (1989) and the s heme of GADGET is shown in Springel (2005).

3.1.1 Gravitational Softening
One drawba k of numeri al simulations of astrophysi al systems is, that although the
underlying physi al system like a galaxy with ∼ 1011 stars, in reality, is ollisionless, it
is not in numeri al simulations. In the latter ase, one parti le normally represents an
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aggregate of a large parti le number as a simulation is limited to the urrent hardware
(e.g. few times 107 parti les). Therefore, the evolution time of a numeri al system is
not smaller than the relaxation time (see also se tion 4.3) and annot be treated as a
real ollisionless system. To over ome this problem, the potential and for es between
parti les have to be 'softened' in some manner. In pra ti e, the pure Newtonian 1/r
form of the gravitational potential (Eq. 3.1) and the asso iated numeri al for es at
small separations have to be modied by a softening parameter.
There are two ommon types of gravitational softening in N-body odes, the soalled 'Plummer softening' introdu ed by Aarseth (1963) and the 'Spline softening'. In
the rst ase, the density fun tion of a single parti le is dened as a Plummer sphere,
where the for e on parti le i due to parti le j at a distan e rij = |rj − ri | be omes

Fi = −

Gmi mj rj − ri
,
rij2 + ǫ2 rij

(3.7)

with the orresponding potential

Φ=−

(rij2

Gmj
.
+ ǫ2 )1/2

(3.8)

Here ǫ is the so- alled softening length. This implementation is easy and omputationally inexpensive, but it never onverges ompletely to the exa t Newtonian potential
(Eq. 3.1). This hoi e of softening yields signi antly larger for e errors ompared to
the 'Spline softening' (Dehnen, 2001), whi h we used in both odes.
In this approa h, a parti le gets smeared out to a nite size and the extended
density distribution of the parti le is represented by a predened softening kernel of
Monaghan & Lattanzio (1985):

1 − 3 v 2 + 3 v 3 if 0 ≤ v < 1
σ 1 2 3 4
(3.9)
W (rij , hij ) = ν
(2 − v)
if 1 ≤ v < 2
4
hij 

otherwise
0

ν is the number of dimensions, v = rij /hij and σ is the normalization with values
of 2/3, 10/(7π) and 1/π in one, two and three dimensions, respe tively and hij =
2.8(ǫi + ǫj )/2. Then the for e is spe ied as,
Z
4π rij 2
fm (rij ) =
u ρ(u)du
mi 0
Z rij
(3.10)
= 4π
u2 W (u, hij )du,
0

where the quantity ρ/mj is repla ed by the kernel W . Finally, the for e and potential
are
Gfm mi mj
r̂ij
Fi = −
(3.11)
rij2
Gfm mj
Φ = −
(3.12)
.
rij
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Note, that this formulation re overs the exa t Newtonian equation for rij > 2 · ǫij and
the for e between two parti les de reases to zero as rij → 0.

3.1.2 Binary Tree
The binary tree is onstru ted bottom-up, where the mutually nearest neighbor partiles or parti le pairs are repla ed by a node. In a rst step, imagine that ea h parti le
sear hes for its nearest neighbor, where we require the neighbor to be mutual. Now,
onsider a system with three parti les. If parti le B is the nearest neighbor of parti le
A but the losest neighbor of parti le B is C, then B and C are the mutual nearest
neighbors and get repla ed by a node. The position of the node is its enter of mass
and its mass is the sum of the parti le masses. On the next step, the parti les and
nodes are again grouped with their nearest neighbor parti le or node. Further levels are
built a ordingly until the last two nodes are ombined to the root node and the tree
stru ture is omplete. Essential for the onstru tion of su h a binary tree is an e ient
determination of the nearest neighbors of all parti les or nodes for whi h no nearest
neighbor has yet been found. Cru ial is also the subsequent ombination of these new
neighbor pairs into new tree nodes whi h are then inserted on the next higher level
of the tree stru ture. As one an hose dierent opening riterions in VINE, we have
hosen the same one whi h is used in GADGET (see net se tion).

3.1.3 O t Tree
The o t tree is onstru ted from top to bottom, as it starts with one initial major ell,
whi h in ludes all parti les. This 'root' ell gets split in 8 ubes of equal size, whi h
are, in the same way, subdivided in smaller sub ubes. This pro ess ontinues until
ea h ube ontains only one parti le, representing a 'leaf' of the tree, or no parti le.
A further hara teristi of GADGET 3 is, that it only uses monopole terms for the
for e al ulations. Finally, regarding the for e al ulations on parti le i, an a eptan e
riterion de ides whether the for e due to a group of other parti les at a ertain distan e
is a epted or the ells have to be split up in further ells, ultimately rea hing single
parti les, if appropriate. This riterion ontrols the introdu ed errors of the for e
al ulations and the omputing time.
The simplest a eptan e or so- alled ell-opening riterion is usually dened as

Rcrit =

lj
+ ǫ,
θ

(3.13)

where ǫ is the parti les softening length and lj the size of the ell. The opening angle
θ, ranging from zero to one, denes the minimum distan e Rcrit at whi h a ell will be
a epted for the for e al ulation or not. GADGET 3 uses a slightly modied riterion

GMj
2
Rcrit



lj
Rcrit

2

= α|aold
i |,

(3.14)
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where Mj is the mass of ell j and aold
i is the parti les a eleration at the last time step.
The advantage of this modi ation is, that the ell-opening riterion now is adaptive
with respe t to the system dynami s.
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CHAPTER 4

GALAXY MODELS
In this hapter, we des ribe a way to get stable initial onditions of spheri al, isotropi
systems, whi h onsist of either a single stellar omponent or a stellar omponent
embedded in a dark matter halo. One advantage of our program is, that the density
slope of the stellar omponent an be varied and is not xed for both, a one- and a twoomponent model. From observations we know, that surfa e brightness proles of all
kinds of ellipti al galaxies are well des ribed by the R1/4 -law (de Vau ouleurs, 1948) or
the more general Sersi r 1/n fun tion (Sersi , 1968). Both reprodu e global quantities
like the ee tive radius, whi h is the radius of the isophote en losing half the total light,
and the ee tive surfa e brightness. However the derivation of the deproje ted three
dimensional density distribution and the gravitational potential, whi h is essential for
detailed galaxy modeling is not easily available. One way to over ome this problem
is to nd analyti density proles, whi h resemble in proje tion the observed surfa e
brightness proles.

4.1 One-Component Models
The simplest realization of spheri al, isotropi galaxies is to reate a single sphere
of stellar parti les. The rst two analyti density proles, resembling the R1/4 -law,
have been proposed by Jae (1983) and Hernquist (1990). They have entral stellar
densities proportional to r −2 and r −1 , with entral surfa e densities proportional to
R−1 and ln R−1 , respe tively. Dehnen (1993) and Tremaine et al. (1994) independently
derived a generalization of these two models,

ργ (r) =

(3 − γ)M
a
,
γ
4π
r (r + a)4−γ

(4.1)

where a is a s aling radius, M the total mass of the system and γ denes the slope
of the prole. The latter parameter an vary between 0 ≤ γ < 3, where γ = 1 and
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γ = 2 represent the Hernquist and Jae model, respe tively. The top panel of Fig.
4.1 indi ates density distributions of dierent γ 's for M = a = 1. The entral density
diverges for all possible slopes ex ept for γ = 0, where the model resembles a ore like
stru ture, i.e. the density be omes onstant.
The potential orresponding to Eq. 4.1 is given by Poisson's Equation
"

2−γ #
r
1
GM
1−
×−
Φγ (r) =
for γ 6= 2,
(4.2)
a
2−γ
r+a
with the spe ial ase of Jae's prole (Jae, 1983),

Φ2 (r) =

r
GM
× ln
for γ = 2.
a
r+a

(4.3)

The umulative mass M(r), half-mass radius r1/2 and ir ular velo ity vc2 (r) are,

Mγ (r) = M



r
r+a

3−γ

,

1

r1/2,γ = a(2 3−γ − 1)−1 ,
2
vc,γ
(r) =

GMr 2−γ
.
(r + a)3−γ

(4.4)

(4.5)

(4.6)

Assuming a non-rotating, spheri al symmetri system, the radial velo ity dispersion is
determined by the Jeans equation

1 d
v2
dΦ
(ρvr2 ) + 2β r = − ,
ρ dr
r
dr

(4.7)

where β(r) ≡ 1 −vθ2/vr2 gives the degree of anisotropy. Later, for simpli ity, we only use
phase-spa e distribution fun tions (DF), whi h only depend on energy. This implies,
that the system has to be isotropi (β(r) = 0) and as ρv 2r = 0 for r → ∞ we get
Z ∞
dφγ
1
2
ργ
dr,
vr,γ (r) =
(4.8)
ργ (r) r
dργ
whi h an be solved numeri ally. In spe ial ases, where 4γ is an integer, Eq. 4.8 has
an analyti solution. The radial velo ity dispersions show dierent trends for dierent
density slopes (bottom panel, Fig. 4.1). For 2 < γ < 3 the dispersion diverges towards
the enter, whereas the models with 0 < γ < 2 onverge to zero at the enter. In the
ase of the γ = 0- and Jae-model (γ = 2) the entral velo ity dispersion be omes
onstant and the latter ase resembles a nite isothermal usp.
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Figure 4.1: Top panel: Density distributions for dierent Dehnen-Models. For high γ 's

the proles are very uspy and for small ones they be ome very at. In the extreme ase of
γ = 0 it be omes even onstant in the enter and resembles a ore like stru ture. Bottom
panel: The orresponding radial velo ity dispersions show dierent behavior for dierent
density slopes. Models with 2 < γ < 3 have a diverging entral velo ity dispersion, whereas
those with 0 < γ < 2 onverge to zero. There are two spe ial ases, the Jae model with
γ = 2, whi h has a nite isothermal usp in the enter and the γ = 0 model whi h be omes
onstant vr2 = GM/30a.
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With the density distribution (Eq. 4.1) and the radial velo ity dispersion (Eq. 4.8)
it is already possible to reate a spheri al galaxy model, but it is more onvenient to use
proper distribution fun tions to get stable initial onditions (Kazantzidis et al., 2004).
As we already know the density and the potential, the derivation of the orresponding
distribution fun tion f (r, v) is straightforward. The density of our spheri al, isotropi
models just depends on the total energy E , thus
Z
ρ(r) ≡ f (E)d3 v.
(4.9)

Inverting this equation with a so alled Abel transformation yields the Eddington
formula (Eddington, 1916; Binney & Tremaine, 2008), whi h gives the distribution
fun tion for a spheri al symmetri density distribution,
  
Z Ψ=E 2
1
dρ
1
d ρ dΨ
√
,
f (E) = √
(4.10)
+√
2
2
E −Ψ
8π
E dΨ Ψ=0
Ψ=0 dΨ
where the relative potential and binding energy E are dened, so that f > 0 for E > 0
and f = 0 for E ≤ 0. The se ond term on the right hand side of this equation vanishes
for any sensible behavior of Ψ(r) and ρ(r) at large radii.
As not all one- omponent (and no two- omponent) models, have an analyti expression for ρ(Ψ) we have to transform the integrand of Eq. 4.10 to be a fun tion of
radius r,

d2 ρ
dΨ =
dΨ2
.



dΨ
dr

−2 

dρ2
−
dr 2



dΨ
dr




d2 Ψ dρ dΨ
dr
dr 2 dr dr

(4.11)

Together with Eqs. 4.1, 4.2 this always results in an analyti al expression for the
integrand, even for more general γ - proles (Dehnen, 1993),

 −2  2   2
dρ
dΨ d Ψ dρ dΨ
dΨ
−
dr =
dr
dr 2
dr dr 2 dr dr
#
" 
2


−2a3
r+a
r+a
−γ+4
γ
+2
(γ − 2)r(r + a)3
r
r

As onsequen e the integration limits of Eq. 4.10 also have to hange, e.g. Ψ(r) = 0
1
orresponds to r = ∞ and Ψ(r) = E be omes r = a/[(1 − E) γ−2 − 1].
Altogether the DF for the one- omponent γ -models an be written as,
Z ∞
1
−2a3
√
f (E) =
·
1
3
8π 2 a/[(1−E) γ−2
−1] (γ − 2)r(r + a)
#
" 
2


dr
r+a
r+a
−γ+4 ·
,
+2
(4.12)
γ
r
r
(E − Ψ(r))
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whi h an be al ulated dire tly by numeri al integration. Alternatively, for all oneomponent models ex ept γ = 2, one an use the general solution expressed by Hypergeometri Fun tions 2 F1 (a, b; c; d) (see Abramowitz & Stegun 1970), expli itly given in
Baes et al. (2005),



3 − γ√
−γ 3
; ; (2 − γ)E +
f (E, γ) =
2E −(γ − 4)2 F1 1,
4π 3
2−γ 2


1−γ 3
+ 2(γ − 3)2 F1 1,
; ; (2 − γ)E −
2−γ 2


3−γ 3
−2(γ − 1)2 F1 1,
; ; (2 − γ)E +
2−γ 2


4−γ 3
; ; (2 − γ)E .
(4.13)
+(γ)2 F1 1,
2−γ 2
For all integer or half-integer values of (2 − γ)−1 (e.g. γ = 0, 1, 23 , 47 , 94 , 25 ), all terms of
Eq. 4.13 redu e to elementary fun tions and the distribution fun tion has an analyti
solution (Dehnen, 1993). In the parti ular ase of the Jae-model (Jae, 1983) (γ = 2),
the distribution fun tion an best be expressed in terms of the error fun tion and Dawson's integral. For our purpose, we always al ulate the DF by numeri al integration
with high a ura y, thus we get highly stable initial onditions (see se tion 4.3).
On e the DF has been al ulated, we an start to reate the parti le distributions.
First we have to hose the slope of the density prole ρ(r) and a maximum radius
rmax , whi h should be large enough to en lose most of the total system mass. That
means, that the ut-o radius should at least be 100 times the s ale radius a of the
system, whi h orresponds to the radius en losing 97, 98 and 99% of the total mass
for γ = 0, 1, 2, respe tively (see Eq. 4.4). After spe ifying the system parameters,
we an al ulate the gravitational potential Φ(r), before the parti les an randomly be
sampled from the DF f (E). To establish a parti le onguration, we use the a eptan ereje tion te hnique (Kuijken & Dubinski, 1994; Kazantzidis et al., 2004), whi h works
as follows. First we al ulate a normalization onstant, whi h is the maximum of the
system's phase spa e

 2   2 
v
r
f (r, v)
,
const =
(4.14)
a2
vg2
max
where a is the system's s ale length and vg the es ape velo ity at the s ale radius. Furthermore, we draw a random number in the interval [0, 1] and if a parti le's normalized
position in phase spa e is smaller than this random number, it is a epted, otherwise
the parti le is reje ted and a new parti le is sampled.
For simpli ity, our initial ondition program allows only density slopes 0 ≤ γ < 2,
but this range already overs most of the observed ranges of stellar density proles.
With γ = 0, we an reate a very at density distribution with an intrinsi ore and
for γ ≈ 2, the model has a steep usp, where the parti les are very on entrated in
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the enter. Before we test two one- omponent models with dierent density slopes for
their stability (Se tion 4.3.1) we illustrate how to reate two- omponent models, where
a stellar bulge is embedded in a dark matter halo.

4.2 Two-Component Models
In Se tion 2.2, we have seen, that early merger simulations of one- omponent spheroidal
galaxies revealed very interesting results and this models an probably be a good approximation for mergers in enters of lusters, where the dark matter of the approa hing
satellite galaxy gets stripped very early (González-Gar ía & van Albada, 2005). Nevertheless, in the urrent a epted ΛCDM model, most of a galaxy's mass resides in a
dark matter halo, surrounding the stellar bulge. Surprisingly, the dark matter halos
seem to have an universal prole, with an inner density slope of r −1 and an outer slope
of r −3 , whi h is perfe tly des ribed by the famous NFW-prole (Navarro et al., 1997)

ρ∝

1
.
r(1 + r)2

(4.15)

For simpli ity, we hose a Hernquist prole (Hernquist, 1990) for the dark matter
distribution, as it is known to resemble the NFW prole in the enter and only deviates
at larger radii. Then, the density and potential of the halo are

ρdm (r) =

adm
Mdm
2π r(r + adm )3

φdm (r) =

GMdm
,
r + adm

(4.16)

where Mdm and adm are the mass and s ale radius of the dark matter halo. In the
ombined system the density distributions of the bulge and the halo are the same,
as if you regard the omponents separately, but the velo ities are dierent. For twoomponent models, the potential is the sum of the stellar and dark matter potential

φT (r) = φdm (r) + φ∗ (r)
(
"
)

2−γ #
GM∗
µa∗
r
1
= −
1−
−
,
a∗
2−γ
r + a∗
r + βa∗

(4.17)

where we have introdu ed two dimensionless parameters µ = Mdm /M∗ and β = adm /a∗ .
With the total potential and the density distributions of ea h omponent we are able
to al ulate the distribution fun tions for the dark matter halo and the stellar bulge.
To simplify the al ulation of the distribution fun tion, we make Eqs. 4.1,4.16 and
4.17 dimensionless:

ρ˜∗ (r) =

(3 − γ)a4∗
4πa3∗
· ρ∗ (r) = γ
M∗
r (r + a∗ )4−γ

(4.18)

4πa3∗
2µβa4∗
· ρdm (r) =
M∗
r(r + βa∗ )3

(4.19)

ρdm
˜ (r) =
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a∗
1
1−
φ˜T (r) = −
· φT (r) =
GM∗
2−γ



r
r + a∗

2−γ #

+

µa∗
r + βa∗

(4.20)

Together with Eq. 4.11 we an al ulate the integrands of Eq. 4.10 for both omponents. Unfortunately, in ontrast to the one- omponent models, the hange of the
upper integration limit Φ(r) = E has no analyti al solution, so we have to use a numeri al minimization routine to solve this equation for r:
"

2−γ #
r
µa
1
1−
+
−E
0 = φ̃(r) − E =
(4.21)
2−γ
r+a
r + βa
Now the omputation of the distribution fun tions for dierent bulge slopes embedded in a Hernquist dark matter prole is straightforward. First, one has to use
Eq. 4.11 to get the derivatives of the densities (Eqs. 4.18, 4.19) and the potetnial
(Eq. 4.20), whi h then get plugged into the Eddington equation (4.10), whi h gets
integrated numeri ally.
Before sampling the parti le distributions of the two omponents we have to hose
a s ale length a∗ and a mass M∗ for the stellar bulge. The s ale length and mass of
the halo are dened via β = adm /a∗ and µ = Mdm /M∗ . For the hoi e of the uto radii of both omponents, we have to fulll the same riteria as before, i.e. they
should be large enough to en lose most of the omponent's mass. After spe ifying the
system properties, the parti le distribution is al ulated with the a eptan e-reje tion
te hnique of the previous Se tion 4.1.
In the next se tions, we show some realizations of one- and two- omponent models
and test their stability.

4.3 Stability Tests
Now we test, how the initial onditions of the previous two se tions 4.2, 4.1 evolve with
time. Using the two N-body odes VINE and GADGET 3, we take dierent galaxy
models with varying density distributions for the bulge and dierent parti le masses.

4.3.1 Bulge - Only Models
First we look at the one- omponent models, whi h represent a stellar bulge without
a dark matter omponent. As we an reate dierent density slopes, we take two
examples, where one has a shallower ore (γ = 0.7) and the other has a steeper ore
(γ = 1.4) than the most popular one of Hernquist (1990). For simpli ity, both models
have a s ale radius of a∗ = 1.0, a total mass of M∗ = 1.0 and onsist of N = 5 · 105
parti les. The maximum radii of the systems are rsys = 200, whi h are the radii
in luding 98.8 and 99.2% of the total mass for γ = 0.7 and 1.4, respe tively (see also
Eq. 4.4). The simulations were performed dimensionless su h that the gravitational
onstant is unity (G = 1) and the results an be s aled arbitrary to a preferred unit
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Figure 4.2: Top left panel: The initial (solid lines) radial density proles stay onstant

for both, the γ = 0.7 (bla k) and the γ = 1.4 (blue) model and resemble the analyti
prole (red dashed lines) for more than 200 dynami al times. Only inside two softening
length 2 · ǫ (verti al dotted line) the nal proles (dashed-dotted lines) indi ate a small
de rease, whi h is due to two-body relaxation. The verti al solid line indi ates the s ale
length of both models. Bottom left panel: Here we illustrate the radial velo ity dispersions
for both models, whi h also stay onstant over most of the radial range. Only inside 10%
of the s ale radius, where two-body relaxation be omes prominent, it slightly deviates from
the analyti al solution. Right panels: The mass radii (top) in luding 30% (dashed-dotted
lines), 50% (solid lines) and 80% (dashed line) of the total mass are perfe tly onstant for
both models and after one or two time steps, the system is in virial equilibrium (see bottom
right panel).
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system. As referen e for all stability simulations we use the dynami al time tdyn , whi h
an be regarded as the time a star needs to travel half a ross a system with a given
density. It is dened as
r
3π
,
tdyn =
(4.22)
16Gρ
where ρ is the mean density within the spheri al half-mass radius of the system r50
(see also Binney & Tremaine 2008).
In the following we show the stability runs, performed with GADGET 3, but a
omparison run with VINE showed the same results. After testing several values, we
found the best softening length to be ǫ = 0.02, whi h gives a good balan e between
a ura y and omputational time.
In the top left panel of Fig. 4.2 we an see, that the density distributions of both,
the γ = 0.7 (bla k lines) and γ = 1.4 (blue lines) stay onstant for more than 200
dynami al times tdyn . Only within two times the softening length ǫ (verti al dotted
line) it slightly de reases, but as the for e and potential al ulations are not reliable
in this regions, we an say that the density distributions perfe tly stay onstant and
agree with the analyti density proles (red dashed lines). Regarding the radial velo ity
dispersions of both systems (bottom left panel) we an see that they also show only
marginal hanges inside 10% of the s ale length a∗ (verti al solid line). For the atter
γ = 0.7 density distribution the entral deviation is larger, as it ontains a fa tor 5 less
parti les within 0.1 · a∗ ompared to the more entrally on entrated γ = 1.4 model.
As two-body relaxation strongly depends on the parti le numbers (see Se tion 5.1),
and is more e ient for lower parti le numbers, shallower density distributions are
more ae ted. For a more detailed des ription of how two-body relaxation alters our
numeri al simulations we refer to se tion 5.1.
The mass radii en losing 30, 50 and 80% of the total system mass are illustrated
in the top right panel of Fig. 4.2. Again they perfe tly stay onstant over the whole
simulation time t = 200 · tdyn . In the last panel we an see that the initial galaxy is
not perfe tly in virial equilibrium as η = 2T /W < 1.0, but very lose. These small
deviation is a onsequen e of the trun ation of the system at a radius of rsys = 200,
whi h for es the total mass M into a smaller volume as expe ted. Consequently, the
total potential energy W of the system is slightly larger and the kineti energy T needs
little time to adjust. Nevertheless, this ee t is negligible, as it has no inuen e on the
densities, the velo ity dispersions and the dierent mass radii and we an on lude,
that our s heme to reate initial onditions of one- omponent models with dierent
density slopes yields very good results.

4.3.2 Bulge + Halo Models with Equal Mass Parti les
In this se tion we fo us on the stability of two- omponent models, where a stellar bulge
of the previous se tion is embedded in a more massive dark matter halo. Therefore we
rst look at three parti le ongurations where the bulge and dark matter parti les all
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Figure 4.3: The top panels illustrate the densities ρ(r) (left) and radial velo ity disper-

sions σr (r) (right) for a two- omponent model of two Hernquist spheres, where a stellar
bulge is embedded in a more massive dark matter halo. The total system onsists of 106
dark matter and 105 stellar parti les (total parti le number np = 1.1 · 106 ) and has a bulge
mass of Mbulge = 1.0 and a halo mass of Mdm = 10. Therefore, all parti les have the
same mass and we take a for e softening length ǫ = 0.02, whi h gives a good balan e,
regarding stability and for e a ura y. The s ale length of the stellar system (verti al solid
line) is abulge = 1.0 and the s ale radius of the halo is adm = 11. Obviously, the inital
(solid lines) and nal (dashed dotted lines) density (right panel) and velo ity dispersion
(left panel) stay onstant for 200 dynami al times. The middle and bottom panels show
the initial onditions for smaller spheroids with Mtot = 2.2 and Mtot = 1.1, s ale radii of
abulge = 0.8 and abulge = 0.5 and parti le numbers of np = 2.2 · 105 and np = 1.1 · 105 ,
respe tively. The ratios of the masses and s ale radii are the same as in the top panel, i.e.
µ = 10 and β = 11. As the parti le masses stay the same, we use the same softening
whi h also results in stable initial onditions.
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Figure 4.4:

This panel illustrates the virial oe ient η for the three models, with
1.1 · 106 , 2.2 · 105 and 1.1 · 105 parti les. Obviously, they are initially not perfe tly in virial
equilibrium as η < 1. This results from the trun ation of the halo at rsys,dm ∼ 50 · adm ,
whi h auses a too high initial potential energy W ompared to the kineti energy T .
have the same mass and the stellar bulges represent a Hernquist prole with γ = 1. As
the parti le masses do not hange, we use a softening length of ǫ = 0.02. Furthermore
we keep the ratios for the s ale radii β = adm /a∗ = 11 and masses µ = Mdm /M∗ = 10
xed. But all three models have dierent parti le numbers, total masses and s ale
radii.
The rst, most massive, galaxy has a stellar mass of M∗ = 1.0 and onsists of
np = 105 bulge and np = 106 dark matter parti les. We hose a bulge s ale length of
a∗ = 1.0 and the ut-o radii are rsys,∗ = 200 and rsys,dm = 500 for the bulge and the
halo, respe tively.
In the top panels of Fig. 4.3, we an see the evolution of the radial density (left)
and the radial velo ity dispersion (right) of the bulge and the halo. Obviously, the
initial onditions (bla k solid lines), as well as the nal proles after 200 dynami al
times (dashed dotted lines) agree perfe tly with the analyti proles (red solid lines)
over most of the radial range. Only in the innermost regions the velo ity dispersions
of the bulge and the halo show some s atter, whi h again is due to the poor entral
resolution a ompanied by an enhan ed two-body relaxation. Furthermore, one an
re ognize, that the nal velo ity dispersion proles are marginally shifted to higher
values and the virial oe ient η of the initial model is below unity (see solid line,
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Fig. 4.4). This stems from the rather small trun ation radius of the halo at 50 · adm ,
whi h is the radius in luding 'only' ∼ 96% of the total halo mass. The explanation is
the same as for the one- omponent models, i.e. the total mass is en losed in a smaller
radius, thus the total potential is initially higher and the velo ities (or kineti energy)
needs a little time to adjust. However, this ee t is negligible, regarding the densities
and velo ities. Looking at dierent mass radii, we also nd that they perfe tly stay
onstant, after a very short phase of slight ontra tion of less than 3% for the bulge
and less than 5% for the bulge's and halo's half-mass radius, respe tively. Of ourse,
one an over ome this ontra tion phase by using mu h larger ut-o radii for the
bulge, but rst, the initial variations are very small for our hoi e and se ond, to get
a perfe tly stable two- omponent model this radius has to be very large, whi h then
in reases the omputational osts.
In the middle and bottom panels of Fig. 4.3, the galaxies have a stellar mass of
M∗ = 0.2 and M∗ = 0.1 and onsist of np = 2.2 · 105 and np = 1.1 · 105 parti les,
respe tively. For both models we hose a s ale radius whi h would lie on the mass-size
relation of Fig. 2.1 in hapter 2, i.e. if we s ale the previous galaxy to be a ompa t
early-type galaxy (bla k ir le in this gure), than the galaxy with M∗ = 0.2 would lie
on the high redshift relation (red line of Fig. 2.1) for a s ale radius of a∗ = 0.8 and
the least massive one for a s ale radius of a∗ = 0.5. We keep the ut-o radii of the
massive galaxy, thus rsys,∗ = 200 and rsys,dm = 500 for both models and the parti le
masses also do not hange, thus we an take the same softening length of ǫ = 0.02 for
both omponents.
In Fig. 4.3 the densities and velo ity distributions of these models (middle, bottom
panels) show very similar results with respe t to the more massive, high resolution
model (top panels), i.e. the density and velo ity proles are onstant over most of the
radial range. Espe ially, the model with M∗ = 0.2 evolves very lose to the M∗ = 1.0
model, whi h is not surprising, as these two systems even have nearly the same s ale
radii. Therefore, their ontra tion phase is almost identi al, whi h is ree ted in the
evolution of the virial oe ient (Fig. 4.4). In ontrast, the model with M∗ = 0.1 has a
mu h smaller s ale radius and the ut-o radius is rsys,dm ∼ 90·adm , thus the trun ation
radius is the radius ontaining already ∼ 98% of the total halo mass. Therefore, the
initial virial oe ient is very lose to unity (see also Fig. 4.4). One drawba k of the
latter model is its omparable small resolution, hen e there are only a few parti les
in the entral regions and two-body relaxation is most prominent for this model and
auses the relatively high deviations of the nal proles (dashed-dotted lines in the
bottom panels of Fig. 4.3) ompared to the initial (solid lines) and analyti solutions
(red dashed lines).
However, all three models show a high degree of stability, espe ially in the most
relevant regions outside 10% of the bulge's s ale radii. If one wants to investigate the
very entral regions, the resolution has to be very large, whi h then signi antly inreases the omputation time. Another way to redu e the ee t of two-body relaxation
in the enter would be a slightly larger softening length.
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4.3.3 'Realisti ' Bulge + Halo Models
Finally we set up initial onditions for early-type galaxies at a redshift of z ∼ 2, onsidering observed ratios of the s ale radii and masses of the halo and bulge omponent. To
get a proper mass ratio µ we looked at the most re ent results of the Halo O upation
Distribution (HOD) models, whi h determine the link between dark matter halos and
the luminous part of galaxies (Moster et al., 2010; Behroozi et al., 2010; Wake et al.,
2011). Assuming a luminous mass of M∗ = 1011 M⊙ the stellar to halo mass ratio of the
HOD framework yields values of M∗ /Mdm = [0.01, 0.02] at redshift z ∼ 2. Therefore we
hose the mean, M∗ /Mdm = 0.015, whi h then gives µ = 66.7 orresponding to a dark
matter halo of Mdm = 6.67 · 1012M⊙ . Next we have to x the sizes of both omponents
by hosing proper s ale radii.
Applying the mass-size relation of Williams et al. (2010) for the redshift bin 1.5 <
z < 2.0,

log re = 0.25 + 0.5(log(M∗ /M⊙ ) − 11) [kpc]

(4.23)

the ee tive radius of a 1011 M⊙ galaxy is Re = 1.8kp (see also Fig. 2.1 in hapter 2),
whi h relates to the stellar s ale radius a as
1
Re
= (2 3−γ − 1)−1 [0.7549 − 0.00439γ + 0.00322γ 2 − 0.00182γ 3 ± 0.0007],
a

(4.24)

for all γ−models (Dehnen, 1993). For our test models we hose two dierent density
slopes, with γ = 1.0 and 1.5. Therefore Eq. 4.24 yields Rae = (1.815, 1.276) and the
s ale radii are a∗ = (1.0, 1.41) for γ = (1.0, 1.5), if we adopt a s aling of rscale = 1kp .
Together with the dened mass s ale, where Mscale = 1011 M⊙ we get the following
velo ity and time units:

vscale = 656kms−1

tscale = 1.5 · 106 yr

(4.25)

This s aling is hosen to des ribe an early-type galaxy at a redshift of z ∼ 2, but as
the simulations are still dimensionless, one an also use a dierent s aling.
Regarding the size determination of the halo is a little bit more ompli ated, as we
do not use a NFW- but a Hernquist-prole whi h has a steeper slope at large radii.
Therefore we annot apply the halo on entration c (Bullo k et al., 2001; Duy et al.,
2008; Komatsu et al., 2011), whi h ombines the virial radius rvir and the s ale radius
adm of the halo prole. Therefore we use a dierent approa h, where we set the virial
radius of the system equal to the halo mass radius in luding 80% of the system's total
mass M80 , thus we an al ulate the halo s ale radius adm of the system. To al ulate
the virial radius rvir we set the virial density ρ(rvir ) to 200 times the riti al density of
the universe ρc , whi h yields

rvir =



4Mvir G
225H(z)

1/3

,

(4.26)
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Here, Mvir is the virial mass, G is the gravitational onstant and H(z) is the time
dependent Hubble parameter

H(z) = H0 [ΩΛ,0 + Ωk,0 (1 + z)2 + Ωm,0 (1 + z)3 + Ωr,0 (1 + z)4 ]1/2

(4.27)

with the urrent matter and radiation density Ωm,0 /Ωr,0 , the urvature of the universe
Ωk,0 and the osmologi al onstant ΩΛ,0 (see also Mo et al. 2010). In a at universe
Ωk,0 = 0 with vanishing radiation density Ωr,0 ∼ 0 Eq. 4.27 redu es to

H(z) = H0 [ΩΛ,0 + Ωm,0 (1 + z)3 ]1/2

(4.28)

and the Hubble parameter at redshift z = 2 is H(z = 2) = 207km s−1 /Mp . As the
stellar to dark matter mass in the HOD models is dened at the virial radius, we set
Mvir = M∗ + Mdm = 6.76 · 1012 M⊙ and get a virial radius of rvir ≈ 230kp . Next
we have to use Eq. 4.4 to al ulate the radius in luding 80% of the total mass of the
Hernquist halo r80,h . With γ = 1.0 and M(r) = 0.8 · M we get
√
r80,h = a(4 + 20)
(4.29)
and for r80,h = rvir the s ale radius of the halo is adm ≈ 27. Finally, the ratio of the
s ale radii are β = (27, 19) for γ = (1.0, 1.5). But as we set rvir = r80,h , we have to
adopt another mass ratio µ = 66.7/0.8 ≈ 85, as µ in the initial ondition program gives
the stellar to halo mass ratio of the total system. Finally we hose very large ut-o
radii of rsys,∗ = 200 · a∗ and rsys,dm = 100 · adm , to limit the ontra tion ee t.
For the stability simulations we use 1.1 · 106 parti les for both realizations, whi h
results in more massive dark matter parti
√ les (mdm = 8.5 · m∗ ). Therefore the for e
softening has to be dierent, i.e. ǫdm = 8.5ǫ∗ . Furthermore, using dierent parti le
masses, two-body relaxation auses mass segregation (see Se tion 5.1), thus we additionally have to in rease both softenings. Finally, we nd ǫ∗ = 0.1 yields very good
results and is still small ompared to the ee tive radius (ǫ∗ = 0.055 · Re ).
In the top panels of Fig. 4.5 we illustrate the density proles of the initial onditions
(bla k solid lines) for γ = 1.0 (left) and γ = 1.5 (right), whi h both stay onstant. After
120 dynami al times (dashed dotted lines), the bulge and halo proles are still in very
good agreement with the analyti Hernquist prole (red dashed line). Only inside 2 · ǫ
the shallower γ = 1.0 prole shows minor deviations due to two-body relaxation, whi h
auses the bulge and halo prole to get loser. In the bottom two panels we depi t the
a ording evolution of the velo ity dispersion proles, whi h again show very promising
results, as the initial proles ni ely resemble the ones from the Jeans equations (Eq.
4.8) for ea h omponent. In the end, they again show only small deviations in the
inner parts, where the resolution is lowest and mass segregation, indu ed by two-body
relaxation, is most prominent. But espe ially the bulge prole is perfe tly stable outside
40% of the s ale radius.
In the next Fig. 4.6 we an see the evolution of the mass radii in luding 30, 50 and
80% of the total bulge (top) and halo (bottom) masses. Together with the ee tive
radius Re (top) and the gravitational radius rg (bottom), all radii are onstant over the
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The top panels illustrate the densities ρ(r) for the γ = 1.0 (left) and
γ = 1.5 (right) model with realisti dark to stellar mass ratios. Outside two times the for e
softening (ǫ = 0.055 · Re ) the densities of both the halo and the bulge resemble perfe tly
the analyti prole after more than 120 dynami al times. The very small deviations in
the entral regions are aused by two-body relaxation. The bottom panels illustrate the
orresponding radial velo ity dispersion proles, whi h stay onstant over most of the radial
range. Only inside 40% the bulge s ale radius a they are strongly ae ted by two-body
relaxation.
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whole simulation time. Only the innermost bulge radii (r30 , top panel) are ae ted and
as the γ = 1.0 prole is shallower than the γ = 1.5 prole, it has less parti les in its
enter and onsequently gets slightly more inuen ed by numeri al ee ts. Therefore its
r30 nally in reases by 7%. However, we on lude that even the 'real' galaxy models
are by far stable enough to yield reasonable galaxy models to be used for further
appli ations.
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Figure 4.6: The top panel depi ts the evolution of the radii en losing 30,50 and 80% of

the total bulge mass for the models withγ = 1.0 (bla k) and γ = 1.5 (blue). Together with
the mean ee tive radius Re , they all stay onstant for more than 120 dynami al times.
Only the innermost radii r30 indi ate a small in rease, whi h is a little bit larger for γ = 1.0.
In the latter shallower model, less parti les are in the enter and therefore it suers slighlty
more from two-body relaxation within the same simulation time (see also Chapter 5). The
bottom panel indi ates, that all mass radii and the gravitational radius of the orresponding
halos stay the same.
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CHAPTER 5

KINEMATICS
In the following we want to give a little overview of the dynami al pro esses, one has
to deal with in numeri al N-body simulations. All of them have dierent impa t for
dierent merger s enarios and two-body relaxation strongly depends on the numeri al
setup of the initial onditions and an be redu ed by a lever hoi e of the gravitational
softening length. Dynami al fri tion and tidal stripping are the dominant pro esses in
minor mergers, whereas violent relaxation is very e ient for major mergers. Although
violent relaxation has a strong impa t during the nal merging pro ess, it rapidly gets
dissolved by phase mixing. In ontrast to two-body relaxation, all these me hansims are
physi al and not arti ial, thus we rst illustrate the inuen e of two-body relaxation
with the help of an test simulation.

5.1 Two-Body relaxation
In the real universe, star and dark matter parti les in galaxies, whi h onsist of N ≈
1011 stars, are essentially ollisionless and feel no perturbation due to a lose en ounter.
However, simulations of isolated galaxies or galaxy mergers, the number of parti les is
limited by the omputational power. Therefore ea h simulation parti le orresponds
to a onglomeration of real stars.
The relaxation time trelax denotes the time, when the velo ity of one star has
hanged of the same order as its initial velo ity due to two-body en ounters (see Binney & Tremaine (2008)). Another useful denition of relaxation time uses the hange
of the mean square energy ompared to the initial mean kineti energy of a group of
parti les (Chandrasekhar, 1942). The latter denition yields a relaxation time whi h
is half ompared to the rst denition.
To quantify the ee t of two-body relaxation we hose the rst approximation whi h
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Figure 5.1: The solid lines show the two-body relaxation times of a Hernquist sphere
with s ale radius a = 1 (dotted line) for an in reasing number of parti les (from bottom
to top the parti le number in reases by a fa tor of 2). From the lowest parti le number
(N = 80000) to the highest one (N = 1.28 · 106 ) the relaxation time at the spheri al
half-mass radius (dashed line) in reases by a fa tor of ∼ 13. The red solid line indi ates the
parti le distribution (N = 160000) whi h we hose for further investigations and for some
of our merger simulations in the next se tions. For this Hernquist sphere trelax ∼ 7100 at
the spheri al half-mass radius.
yields,

trelax =

0.1N
· tcross ,
ln N

(5.1)

where N is the parti le number. The rossing time tcross = R/v strongly depends on the
parti les distan e R from the enter. The velo ity v orresponds to the typi al velo ity
of a parti le at this radius, whi h an be approximated by the ir ular velo ity. For
a better illustration
we hose a one- omponent Hernquist model, whi h has a ir ular
√
velo ity vc = GMr/(r + a) (see Eq. 4.6). Assuming G = M = 1 the rossing time
be omes,
√
tcross = r(r + a),
(5.2)
where a is the s ale radius of the Hernquist sphere. Figure 5.1 shows the radial
dependen e of the relaxation time for an in reasing number of parti les. From bottom
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Figure 5.2: This panel shows the evolution of the energy distribution N(ǫ) of an one-

omponent Hernquist sphere with N = 160k parti les and G = M = a = 1. After a time
t = 2000 the most bound parti les of the nal prole (bla k dashed line) are 6% less strongly
bound ompared to the initial prole (solid bla k line). The three narrow histograms show
the energy distribution for three dierent energy bins (red: −0.85 < ǫ < −0.80, blue:
−0.50 < ǫ < −0.45, green: −0.10 < ǫ < −0.05), whi h all be ome a gaussian distribution
due to two-body en ounters ( ri les of the orresponding olor). The gaussian ts (red,
green and blue dashed lines) indi ate, that the inner most parti les (red) are more ae ted
than the others, as the width σ of the tted urves are higher for this energy bin. The
verti al dashed and dotted lines indi ate the initial and nal mean binding energy of ea h
bin, respe tively.
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to top, the number of parti les gets doubled for ea h subsequent line and we
√ an see,
that the relaxation time at the spheri al half-mass radius r50,sph = (1 + 2)a (see
Eq. 4.5) grows by a fa tor of ∼ 13 if the parti le number in reases by a fa tor of 16.
To highlight the ee t of two-body relaxation we hose the model with N = 160000
parti les (red line) and let it evolve for 2000 timesteps with a very small softening
length of ǫ = 0.01.
Figure 5.2 shows the dierential energy distribution of the initial galaxy model
(solid bla k line) and the nal one (dashed line) after t = 2000 timesteps. We an see,
that the most bound parti les at the left side of the distribution are nally less bound,
be ause two-body en ounters, whi h espe ially take pla e in the entral, high density
regions, lead to an equipartition of energies. Therefore, the most bound parti les lose
some of their energy to less bound parti les. Furthermore, if the parti les in a spheroid
have dierent mass, the energy equipartition also leads to mass segregation, where the
more massive parti les tend to transfer energy to the less massive ones. Consequently
the more massive parti les sink towards the enter and the lighter ones wander to
larger radii. Next we look at the narrow bins for dierent binding energies (red/blue
and green histograms in Fig. 5.2), whi h all evolve to Gaussians of dierent width σ .
Again, the higher bound energy bins (red/blue histograms) get more broadened than
the weakly bound bin (green histogram).
There are two main ways to redu e the ee t of two-body relaxation. First, as
already depi ted in Fig. 5.1, an in reasing number of parti les signi antly in reases
the relaxation time, and se ond, a larger softening length also limits the amount of
s attering events. The drawba k of the latter solution is, that one loses the information
within two softening length, as the results in these regions are no longer reliable.
However, in Se tion 4.3.3, we have already seen, that for galaxy models, onsisting
of unequal mass parti les, it is ru ial to adopt higher softenings to prevent mass
segregation in the enter. To quantify the ee t of a larger softening length, we also
evolved the same Hernquist sphere of Fig. 5.2 with ǫ = 0.08, whi h yields a mu h weaker
broadening ompared to the above simulation. The nal width of the innermost bin is
only σ1 = 0.057 and therefore the ee t of two-body relaxation is redu ed by 40%.
Additionally, Fig. 5.3 depi ts the depletion of the most entral regions, whi h
we ould already see in Fig. 5.2. Due to equipartition of energy, aused by two-body
relaxation, the entral parti les get slightly less bound and the innermost density prole
be omes shallower.

5.2 Dynami al Fri tion & Tidal Stripping
Dynami al fri tion is a gravitational drag for e, introdu ed by Chandrasekhar (1943).
If a heavy point mass is traveling through a uniform ba kground mass distribution, it
attra ts the surrounding parti les and builds up an overdensity in its wake. This overdensity a ts like a drag for e onto the point mass, whi h onsequently gets de elerated.
On the other hand this implies a energy transfer from the satellite to the surrounding
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Figure 5.3: The bla k solid line and the bla k dashed-dotted line show the initial and

nal radial density distribution respe tively. As the most bound parti les go to higher energy
the entral density usp within 10% of the s ale length a (dotted line) gets depleted. The
red solid line depi ts the analyti prole of the Hernquist sphere (Eq. 4.16).
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medium, as the energy of the ombined system (satellite+ba kground distribution) is
onserved.
The original dynami al fri tion formula of Chandrasekhar (1943), des ribing the
de eleration of infalling 'point masses' is,

d
vorb
,
vorb = −4πG2 ln(Λ)Msat ρhost (< vorb )
dt
vorb

(5.3)

where Λ is the Coulomb logarithm (Chandrasekhar, 1943; Binney & Tremaine, 2008),
ρhost (< vorb ) is the ba kground density of all parti les with velo ities smaller than the
orbital velo ity vorb of the satellite with mass Msat . But this formula is based on three
'unrealisti ' assumptions, that i) all parti les and the satellite are point masses, ii)
there is no self-gravity for the parti les in the wake and iii) the ba kground parti le
distribution is innite, homogeneous and isotropi . However, by a more onvenient
hoi e of the Coulomb logarithm Λ and restri ting to minor mergers, where the satellite's mass is at maximum ≤ 20% of the host galaxy, the dynami al fri tion for e of
Chandrasekhar (1943) is a viable approximation. Furthermore, the dynami al fri tion
drag for e Fdf highly depends on the mass of the satellite Ms , as Fdf ∝ Ms2 . In numeri al simulations, Boylan-Kol hin et al. (2008) has re ently shown, that the mass loss of
an infalling satellite is not negligible and has to be taken into a ount.
One way to unbind the parti les of the satellite galaxy is violent relaxation, disussed in the next se tion, and tidal stripping. A simplied method to explain tidal
stripping is the following. If a satellite galaxy with mass m is on a ir ular orbit around
a massive point mass M with a distan e R, it experien es an a eleration GM/R. But,
as the satellite has a ertain extension, the two boundaries at the farthest and the nearest end to the point mass M noti e a dierent a eleration. If this tidal a eleration
is higher than the binding energy of the lowest bound satellite parti les, they an be
stripped and leave the satellite's potential well (see also Mo et al. 2010). The radius,
at whi h this tidal a eleration ex eeds the binding energy of the parti les is alled
tidal radius rt . So far, due to many idealized assumptions, there are only very rude
approximations to quantify rt .

5.3 Violent relaxation
In ontrast to two-body relaxation, violent relaxation is a physi al me hanism, whi h
was introdu ed by Lynden-Bell (1967). In a ollisionless system, violent relaxation
e iently redistributes the energy of single stars due to lo al u tuations of the gravitational potential,

dE
dφ
=− ,
dt
dt

(5.4)

where E is the energy per unit mass and φ(x, y, z, t) is the gravitational potential of the
whole system. This ee t o urs on very short times ales, e.g. less than the free-fall
time of the system (Bindoni & Se o, 2008).
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Although the theory of violent relaxation is not fully understood until now, we
know that it plays a very important role during the oales en e of two or more galaxies.
Therefore, we give a basi des ription of the original version of Lynden-Bell (1967) and
show some more re ent, slighlty dierent approa hes. In Se tion 6.4.1 we try to gure
out the ee t of violent relaxation for numeri al simulations.

5.3.1 Lynden-Bell's approa h
The most basi quantity in stellar dynami s is the ne-grained distribution fun tion
→
→
x ,−
v , t), whi h spe ies the number of stars within an
(DF) or phase spa e density f (−
→
→
innitesimal volume d3 −
x d3 −
v at time t. Furthermore, it is onvenient to introdu e a
oarse- grained distribution fun tion F , whi h gives the average of the ne-grained DF
→
→
v . Contrary to the ne-grained DF the oarse-grained one
x ∆3 −
in a small volume ∆3 −
depends on the parti ular hoi e of partitioning the phase-spa e in whi h the volume
→
→
elements ∆3 −
x ∆3 −
v are dened. Additionally, only the evolution of the ne-grained
DF an be des ribed by the Boltzmann equation

df
∂f −
∂φ ∂f
∂f
=
+→
v −
− −
= 0.
→
→
dt
∂t
∂x
∂→
x ∂−
v

(5.5)

Introdu ing a hange in parti le energy as des ribed above, rearranges the orbits
of stars and the system seeks for a new equilibrium onguration. Therefore we divide
the 6 dimensional phase spa e in a big number of ' oarse-grained' ma ro ells ni with
equal volumes (Lynden-Bell, 1967). All these ma ro ells onsist of a large number
ν of even smaller mi ro ells, where some of those are o upied by a phase element
of parti les. The latter volume is that ne, that it an adequately des ribe the negrained DF. Combining all ma ro ells results in a ma rostate, whi h an be viewed
as a dis retized realization of the oarse-grained DF F of the system at time t. This
→
→
means that F (−
x,−
v , t), is dened as a dis rete fun tion on the ith ma ro ell
Z
ni n
1
→
→
−
→
−
→
v = 3−
x d3 −
f d3 −
,
Fi ( x , v , t) = 3 −
(5.6)
→
−
→
→
→
3
→
−
→
−
d x d v d3 x d3 v
d x d3 −
v
where n is the number of parti les in a phase element.
Now we al ulate a fun tional W {ni }, whi h gives all possible ombinations of
ma ro ells for a parti ular ma rostate. Dening S = ln W as an Boltzmann entropy,
the new statisti al equilibrium state an be seen, as the ma rostate, whi h maximizes
the entropy S under the onstraints of energy and mass onservation. In luding the
mass and energy onstraints as Lagrange multipliers λ1 , λ2 , the maximization pro ess
an be written as,

δ ln W − λ1 δN − λ2 δE = 0,

(5.7)

P
where E = i ni ǫi is the total onserved
energy (ǫi is the mean energy of all parti les
P
is
the total number of phase elements, whi h
n
in the ith ma ro ell) and N =
i i
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→
→
n
indi ates mass onservation. Introdu ing η = d3 →
= f (−
x ,−
v , t) as the onstant
−
−
x d3 →
v
phase spa e density inside ea h phase element and applying Stirling's formula for big
numbers Eq. 5.6 be omes:
Fi =

η
ηni
|S=max =
ν
exp(λ1 + λ2 ǫi ) + 1

(5.8)

If we onsider λ2 ≡ β ∝ T −1 as an inverse temperature and µ = −λ1 /β as a hemi al
potential, Eq. 5.8 yields

Fi =

η
,
exp[β(ǫi − µ)] + 1

(5.9)

whi h nearly resembles the Fermi-Dira statisti s of quantum me hani s.
After phase mixing (see next se tion 5.4), we are in the so- alled non-degenerate
→
−
limit, i.e. Fi << η = f (−
x ,→
v , t), and Eq. 5.9 tends to a Maxwell-Boltzmann distribution,

Fi = η exp[−β(ǫi − µ)] = A exp(−βǫi ),

(5.10)

where A = η exp(βµ). This implies, that the nal equilibrium state approa hes an
isothermal sphere. Unfortunately a physi al system an never attain this state, as the
isothermal sphere has innite total mass. Therefore real systems undergo an in omplete
relaxation pro ess, whi h means, that violent relaxation stops very rapidly, as the
potential u tuations die out through e ient phase mixing.

5.3.2 Other approa hes
Sin e the pioneering work of Lynden-Bell (1967), there a many other authors, who
tried to improved the theory of violent relaxation. First of all, Shu (1978) argued, that
the o upation of mi ro ells by phase elements introdu es unne essary ompli ations.
He stresses the point, that stars an be seen as real parti les in phase spa e and
not as innitessimal parts of a ontinuum. Therefore, he o upies the mi ro ells by
single star parti les before he also maximizes the entropy to get the nal equilibrium
state. As onsequen e his solution also leads to a ombination of Maxwell-Boltzmann
distributions, but ompared to Lynden-Bell, the velo ity dispersions of ea h Maxwellian
omponent does not depend on the inverse of the phase-spa e volume, but on the inverse
of the parti le mass.
On the other hand, both theories of Lynden-Bell and Shu imply mass segregation,
as their ma ro ells have dierent masses. As onsequen e, the more massive elements
migrate to the enter, while the less massive on e go to the outer parts of the system.
To solve this problem, Kull et al. (1997) divides the phase spa e in ma ro ells with
dierent volumes, but equal masses and nally the oarse-grained distribution fun tion
again is a ombination of Maxwellians, but now, all ells are hara terized by the same
temperature.

5.4 Phase Mixing
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Figure 5.4: In the left panel, we an see the initial phase points at pθi = 0, where f = F .

As the system evolves the phase points shear and the phase spa e volume gets thinner and
o upies a larger regions. As more and more 'air' is mixed into the oarse-grained DF, it
de reases with time. The right panel depi ts a very late stage of the system, where the
ne-grained DF f onsists of innitesimal thin lines. At this stage F << f (see also Binney
& Tremaine (2008)).
Apart from these examples, there a many other authors, who tried to get a des ription of the nal state of a ollisionless relaxing system by using entropy arguments
(Nakamura, 2000; Stiavelli & Bertin, 1987). But re ently Arad & Lynden-Bell (2005)
argued, that all of them have limitations and they additionally show that the statisti alme hani al theories of violent relaxation are non-transitive. This non transitivity yields
two dierent results, if a system either undergoes one violent relaxation pro ess at on e
or two pro esses of omparable magnitude. Finally, Arad & Lynden-Bell (2005) onlude, that the already mentioned in ompleteness of violent relaxation (see 5.3.1) is
the most important reason for these short omings. One way to over ome the problems
is to nd a useful evolution equation for the oarse-grained DF.
Figure 5.4 shows a s hemati realization of this s enario. The further evolution of
the system an be des ribed by the ollisionless Boltzmann equation, whi h implies
that the ne-grained DF f stays onstant. Therefore the density of an innitesimal
volume around a phase points does not hange.

5.4 Phase Mixing
In the previous se tion we have shown that phase mixing is responsible for the in omplete violent relaxation as it rapidly de reases the amplitudes of the potential u tuations of, e.g. a merging event. Therefore the new equilibrium onguration after a
merger never an rea h the state of maximum entropy, whi h would be an isothermal
sphere. On the other hand, it also in reases the entropy of a system, as it de reases
the oarse grained DF F .
The easiest way to illustrate the ee t of phase mixing is by onsidering a system of
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N pendulums, ea h of the same length L, though all of them have the same dynami al
properties. At the beginning, all of them have are swung ba k by an angle θi=0,...,N ,
whi h all lie in a very small interval ∆θ << θi . Now we dene the ne-grained DF f for
this system, whi h is initially the same as the oarse-grained DF F . If the pendulums
are released they all have a dierent angular velo ity θ˙i with momenta pθi = lθ˙i , i.e. the
pendulums with higher initial θi have lower momenta ompared to those with smaller
initial angles.
A ma ros opi observer just an look at a ell of nite size and then he al ulates
the oarse-grained distribution in this ell. Initially f = F , but as the system evolves,
the phase-spa e volume winds up in to innitesimal thin laments (see Figs. 5.4).
Then the observer measures a mu h smaller phase-spa e density, be ause now, a lot
of phase-spa e around the measured phase point is not o upied but empty. Finally
the measured oarse-grained DF de reased a lot, ompared to the initial value. This
de rease of F , as the pendulums get out of phase is alled phase mixing.
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CHAPTER 6

RELAXATION AND STRIPPING: THE
EVOLUTION OF SIZES AND DARK
MATTER FRACTIONS IN MAJOR
AND MINOR MERGERS OF
ELLIPTICAL GALAXIES
In this hapter we investigate ollisionless major and minor mergers of
spheroidal galaxies in the ontext of re ent observational insights on the stru ture of ompa t massive early-type galaxies at high redshift and their rapid
size evolution on osmologi al times ales. The simulations are performed as a
series of mergers with mass-ratios of 1:1 and 1:10 for models representing pure
bulges as well as bulges embedded in dark matter halos. For major and minor
mergers, respe tively, we identify and analyse two dierent pro esses, violent
ralaxation and stripping, leading to size evolution and a hange of the dark
matter fra tion. Violent relaxation - whi h is the dominant pro ess for major
mergers but not important for minor mergers - s atters relatively more dark
matter parti les than bulge parti les to radii r < re . Stripping in minor mergers assembles satellite bulge parti les at large radii in halo dominated regions
of the massive host. This ee t strongly in reases the size of the bulge into
regions with higher dark matter fra tions. For a mass in rease of a fa tor of
two, stripping in minor mergers in reases the dark matter fra tion within the
ee tive radius by 75 per ent whereas relaxation in one equal-mass merger
only leads to an in rease of 25 per ent. Compared to simple one- omponent
virial estimates, the size evolution in minor mergers of bulges embedded in
massive dark matter halos are very e ient. If su h a two- omponent system
grows by minor mergers only its size growth, r ∝ M α , will ex eed the simple
theoreti al limit of α = 2. Our results indi ate that minor mergers of galaxies
embedded in massive dark matter halos provide an interesting me hanism for
a rapid size growth and the formation of massive ellipti al systems with high
dark matter fra tions and radially biased velo ity dispersions at large radii.

6.1 Introdu tion
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6.1 Introdu tion
Re ent observations have revealed a population of very ompa t, massive (≈ 1011 M⊙ )
and quies ent galaxies at z∼2 with sizes of about ≈ 1kpc (Daddi et al., 2005; Trujillo
et al., 2006; Longhetti et al., 2007; Toft et al., 2007; Zirm et al., 2007; Trujillo et al.,
2007; Zirm et al., 2007; Buitrago et al., 2008; van Dokkum et al., 2008; Cimatti et al.,
2008; Franx et al., 2008; Sara o et al., 2009; Damjanov et al., 2009; Bezanson et al.,
2009). Ellipti al galaxies of a similar mass today are larger by a fa tor of 4 - 5 (van
der Wel et al., 2008) with at least an order of magnitude lower ee tive densities and
signi antly lower velo ity dispersions than their high-redshift ounterparts (van der
Wel et al., 2005, 2008; Cappellari et al., 2009; Cenarro & Trujillo, 2009; van Dokkum
et al., 2009; van de Sande et al., 2011). The measured small ee tive radii are most
likely not aused by observational limitations, although the low density material in the
outer parts of distant galaxies is di ult to dete t (Hopkins et al. 2009a). Their lustering properties, number densities and ore properties indi ate that they are probably
the progenitors of the most massive ellipti als and Brightest Cluster Galaxies (BCGs)
today (Hopkins et al., 2009a; Bezanson et al., 2009).
Possible formation s enarios for su h ompa t massive galaxies at redshifts z ≈
2 − 3 in lude gas-ri h major disk mergers (Wuyts et al., 2010; Bournaud et al., 2011),
a retion of satellites and gas, giant old gas ows dire tly feeding the entral galaxy
in a osmologi al setting (Kere² et al., 2005; Naab et al., 2007, 2009; Joung et al., 2009;
Dekel et al., 2009; Kere² et al., 2009; Oser et al., 2010) or a ombination of all of these.
To explain the subsequent rapid size evolution dierent s enarios have been proposed
(Fan et al., 2008; Hopkins et al., 2010; Fan et al., 2010). Frequent dissipationless
minor and major mergers, whi h are also expe ted in a osmologi al ontext, seem to
be the most promising (Kho hfar & Silk, 2006; De Lu ia et al., 2006; Guo & White,
2008; Hopkins et al., 2010). Minor mergers, in parti ular, an redu e the ee tive
stellar densities, mildly redu e the velo ity dispersions, and rapidly in rease the sizes,
building up extended stellar envelopes (Naab et al., 2009; Bezanson et al., 2009; Hopkins
et al., 2010; Oser et al., 2010, see however Nipoti et al., 2009a). Dissipationless major
mergers will ontribute to mass growth, however, their impa t on the evolution of stellar
densities, velo ity dispersions and sizes is weaker (Boylan-Kol hin et al., 2005; Nipoti
et al., 2009a). Observations and theoreti al work also provide eviden e that earlytype galaxies undergo on average only one major merger sin e redshift ∼ 2 (Bell et al.,
2006b; Kho hfar & Silk, 2006; Bell et al., 2006a; Genel et al., 2008) whi h would not be
su ient to explain the observed evolution (Bezanson et al., 2009). In addition, major
mergers are highly sto hasti and some galaxies should have experien ed no major
merger at all, and would therefore still be ompa t today. However, su h a population
of galaxies has not been found yet (Trujillo et al., 2009; Taylor et al., 2010). Simulations
in a fully osmologi al ontext support the importan e of numerous minor mergers for
the assembly of massive galaxies. They might initially form at higher redshift during
an early phase of in-situ star formation in the galaxy followed by a se ond phase
dominated by stellar a retion (dominated by minor merging) onto the galaxy, driving
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the size evolution (Naab et al., 2009; Oser et al., 2010). Dire t observational and
ir umstantial eviden e has been re ently presented in support of the minor merger
s enario (van Dokkum et al., 2010; Trujillo et al., 2011).
Using the virial theorem, Naab et al. (2009) and Bezanson et al. (2009) presented
a very simple way to estimate how sizes, densities and velo ity dispersions of oneomponent ollisionless systems evolve during mergers with dierent mass ratios. A ording to this simplied model assuming one- omponent systems on paraboli orbits, the a retion of loosely bound material (minor mergers) results in a signi antly
stronger size in rease than predi ted for major mergers (Naab et al., 2009). With the
same approa h Bezanson et al. (2009) found that eight su essive mergers of mass ratio
1:10 an lead to a size in rease of ∼ 5, whi h orresponds to the observed dieren e
between old ompa t galaxies and today`s massive ellipti als. Of ourse, this is only
valid for global system properties like the gravitational radii and total mean square
speeds. The simple model is not in luding violent relaxation ee ts like mass loss, o urring during the en ounter or non-homology ee ts whi h might hange observable
quantities.
Early papers on the intera tions of spheroidal galaxies already dis ussed many of
the above mentioned ee ts using N-body simulations of one- omponent spheri al systems. White (1978, 1979), who arried out one of the rst simulations of this kind,
already found that relaxation ee ts are very e ient in equal-mass en ounters and
ompletely hange the internal stru ture of the nal remnants. First of all they ontra t
in the entral regions and build up diuse envelopes of stars (see also Miller & Smith
1980; Villumsen 1983; Farouki et al. 1983), whi h leads to a break of homology. Furthermore, equal-mass mergers de rease population gradients due to the redistribution
of parti les in strong mixing pro esses (White, 1980; Villumsen, 1983), whi h breaks
down in unequal-mass mergers, whi h even an enhan e metalli ity or olor gradient
(Villumsen, 1983). Farouki et al. (1983) also showed, that their multiple equal-mass
mergers ni ely re over the Faber-Ja kson relation (Faber & Ja kson 1976, see also Se tion 2.2) and that the velo ity dispersion gets radially biased in the outer regions of
the newly developed extended envelope. However, they all just used one- omponent
models and therefore ould not investigate the inuen e of the most massive part of
a real galaxy, whi h is its dark matter halo. Naab & Trujillo (2006) and Hopkins
et al. (2009b) already showed, that more realisti galaxy models, where the bulge is
embedded in a dark matter halo, an hange the size in rease.
Although dissipationless minor mergers in general are able to in rease sizes and derease velo ity dispersions, it is not lear if this s enario works quantitatively. Nipoti
et al. (2003), who are among the rst using spheri al two- omponent models, argued
that dry major and minor mergers alone annot be the main me hanism for the evolution of ellipti al galaxies, be ause their simulated merger remnants did not follow
the Faber-Ja kson (Faber & Ja kson 1976) and Kormendy relations (Kormendy 1977),
although they stayed on the fundamental plane. Nipoti et al. (2009a) found that dry
major and minor mergers an bring ompa t early-type galaxies loser to the fundamental plane but the size in rease was too weak for the assumed merger hierar hies.
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Furthermore, dissipationless major merging introdu es a strong s atter in the s aling
relations, whi h are observationally very tight. Finally, Nipoti et al. (2009b) laim that
early-type galaxies assemble only 50% of their mass via dry merging from z∼ 2 until
now and the expe ted size growth of a fa tor of ∼ 5 is hardly reprodu ed. However,
espe ially in their minor merger sequen es, they use very ompa t satellites, whi h
might underpredi t the ee tive size growth.
There are two main questions we address in this hapter. First, using highly resolved
multiple equal-mass mergers, we investigate the impa t of the massive dark matter
halo on the dynami s of the nal systems. Does it ae t the entral regions and
an su h mergers really hange the entral dark matter fra tion, or is the in rease
just an artefa t of the in reasing radius (Nipoti et al., 2009b). Se ond, we revisit,
whether dissipationless minor mergers are really too weak to fully a ount for the
observed evolution of ompa t early-type galaxies (Nipoti et al., 2003, 2009a) and the
implied size growth. Using more realisti two- omponent models, we are able to draw
on lusions about the hange of internal stru ture for the galaxies in both merging
s enarios.
This hapter is organized as follows. First, in se tion 6.2 we give an overview of
our initial galaxy setup and the employed numeri al methods, before we highlight the
virial predi tions in se tion 6.3. In Se tion 6.4 and 6.5 we show the results for major
and minor mergers, respe tively. Finally, we summarize and dis uss our ndings in
se tion 6.6.

6.2 Numeri al Methods
6.2.1 Galaxy Models
For the initial galaxy models we assume spheri al symmetri , isotropi Hernquist density proles (Hernquist 1990) for both, the luminous and the dark matter (bulge+halo)
omponent,
Mi
ai
ρi (r) =
(6.1)
,
2π r(r + ai )3
where ρi , Mi and ai are the density, the mass and the s ale length of the respe tive
omponent i. The potential is

Φi (r) = −

GMi
,
r + ai

(6.2)

with the gravitational onstant G.
On the one hand the proje ted Hernquist prole is a reasonable approximation
of the R1/4 law (de Vau ouleurs 1948) for the luminous omponent (its Sersi index
however is loser to n ∼ 2.6, see Naab & Trujillo 2006). On the other hand it is a
good representation of the Navarro et al. (1997) prole for the dark matter omponent. Therefore we onsider the Hernquist density distribution a su iently realisti
des ription for the luminous and dark matter distributions of a typi al ellipti al galaxy.
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For simpli ity, we assume isotropy of the velo ity distribution to onstru t a stable
initial onguration, i.e. the bulge and halo omponent are in dynami al equilibrium.
We ompute the distribution fun tion (DF) fi for ea h omponent i, using Eddington's
formula (Binney & Tremaine, 2008),
Z Φ=E 2
1
d ρi dΦT
√
fi (E) = √
(6.3)
,
8π 2 Φ=0 dΦ2T E − ΦT
where ρi is the density prole of omponent i, E is the relative (positive) energy
and ΦT is the total gravitational potential ΦT = Φ∗ (+Φdm ). Solving distribution
fun tions is in general more ompli ated than using Jeans equations, but results in
more stable initial onditions (Kazantzidis et al., 2004). Only for a few models, e.g. the
one- omponent Hernquist sphere (Hernquist, 1990), the distribution fun tion an be
omputed analyti ally. For a two- omponent model (bulge+halo) we have to al ulate
fi numeri ally. As there is no analyti expression for ρi (ΦT ) (see Eq. 6.3) we have to
transform the integrand of Eq. 6.3 to be a fun tion of radius r ,
−2  2

d2 ρi
d ρi
dΦT
dΦT =
−
2
dΦT
dr
dr 2
−1 2


d ΦT dρi dΦT
dΦT
dr.
−
(6.4)
dr
dr 2 dr dr
This pro edure always results in an analyti al expression for the integrand, even for
more general γ - proles (Dehnen, 1993) with dierent slopes for the density distribution. As a onsequen e, the integration limits also have to hange, e.g. Φ(r) = 0
be omes r = ∞ and Φ(r) = E has to be solved (numeri ally) for the radius r .
On e we have omputed the DF we an randomly sample parti les with radii smaller
than a given ut-o radius and random velo ities, whi h are smaller than the maximum
es ape velo ity. Then the parti le onguration for the galaxy is established using the
Neumann reje tion method (see also Chapter 4).
The one omponent model is des ribed by two parameters, the s ale length a∗
and the total mass M∗ . For the two omponent models, in luding dark matter, we
additionally introdu e the dimensionless parameters µ and β for the s ale length of the
halo adm = βa∗ and its mass Mdm = µM∗ .

6.2.2 Model Parameters and Merger Orbits
For the total dark matter to stellar mass ratio we assume µ = Mdm /M∗ = 10 and the
ratio of the s ale radii is β = adm /a∗ = 11, for all simulations with two- omponent models. We perform a set of simulations for two dierent s enarios with M∗ = a∗ = 1.0.
In the major merger s enario we simulate equal-mass mergers of initially identi al,
spheri ally symmetri one- or two- omponent models on zero energy orbits. The enounters have paraboli orbits with and without angular momentum (head-on). For
higher merger generations we dupli ate the merger remnant after rea hing dynami al
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Figure 6.1: Top panel: Radial density prole for a Hernquist distribution (160k parti les).

The bla k solid line illustrates the initial prole (t=0) and the dashed-dotted line the nal
prole (t = T ∼ 100 × tdyn , where tdyn is the dynami al time at the spheri al half-mass
radius).The analyti al prole is indi ated by the red dashed line. Inside 10% of the s ale
length (verti al solid line) the system is ae ted (in rease in dispersion and de rease in
density) by relaxation ee ts. However, overall, the system is dynami ally stable for at
least 100 dynami al times. Bottom panel: Initial (solid line) and nal (bla k dashed line)
radial velo ity dispersion prole.
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equilibrium at the enter and merge them again on orbits with the same energy but
dierent infall dire tions. In total, we simulate three generations of head-on equal-mass
mergers, and two generations with angular momentum (see also table 6.1).
In the minor merger s enario our simulation sequen es start with an initial mass
ratio of 1:10, i.e. Mhost = 10Msat and a stellar s ale radius of the satellite of a∗,sat = 1.0.
On the rst glan e this hoi e for the satellite's s ale radius seems very unrealisti
and does not agree with any observed mass-size relation (see Fig. 2.1), but re ent
observations show that the sizes of less massive ellipti als onverge at an ee tive
radius of re ∼ 1kpc (Misgeld & Hilker, 2011). Therefore the satellite galaxies have the
same size as the ompa t early-type hosts, although they are an order of magnitude
less massive. For omparison, we made two sequen es (with one- and two- omponent
models), of head-on minor mergers, where the satellite's s ale radii are half the host's
s ale radius a∗,sat = 0.5, though the satellites lie on an extrapolation of the observed
mass-size relation of Williams et al. (2010) at z = 2 (see Fig. 2.1 and table 6.1).
The host galaxy for the next generation is the virialized end produ t of the previous
a retion event. This host is merged with a satellite identi al to the rst generation.
The mass ratio for this merger is now 1:11. We repeat this pro edure until the host
galaxy has doubled its mass, i.e. 10 minor mergers. The nal mass ratio of the merger
is 1:19. Again we simulate one- and two- omponent mergers with zero (head-on) and
non-zero angular momentum. As the mergers of the bulge+halo model with angular
momentum are omputationally expensive we only simulate 6 generations.
For all head-on mergers
p we separate the enters by a distan e d and assign them a
relative velo ity vrel = 2 GMh /d, where Mh is the total attra ting mass of the host
galaxy within radius d. This velo ity orresponds to an orbit with zero energy and
zero angular momentum, i.e. the galaxies will have a zero relative velo ity at innite
distan e. The distan e d is always large enough to obtain virialized remnants at the
end of ea h generation. As the merger remnants after the rst generation will not be
spheri al anymore, their mutual orientation is randomly assigned at the beginning of
ea h new merger event.
For the mergers with angular momentum we set the impa t parameters to half of
the spheri al half-mass radius of the host's bulge and separate the galaxies far enough
so that the initial overlap is very small.

6.2.3 Simulations and Stability Tests
All simulations were performed with VINE (Wetzstein et al., 2009; Nelson et al., 2009),
an e ient parallelized tree- ode. We use a spline softening kernel with a softening
length ǫ = 0.02 for all runs. In general, the softening length depends on the parti le
number (e.g. Merritt 1996; Dehnen 2001) and we found ǫ = 0.02 to be the best value
looking at the balan e between omputational osts and stability of the models. For
the major merger simulations the seed galaxy onsists of N∗ = 1.6 × 105 bulge parti les
for the one- omponent (bulge only) model and N∗ = 2 × 104 for the two- omponent
model, whi h has an additional halo of NDM = 2 × 105 parti les of the same mass. For
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Top left panel: Radial density prole for the two- omponent realization
with 1100k parti les. The bulge to halo mass ratio is 1:10. The solid bla k lines illustrate
the initial proles (t=0) of the bulge and the halo and the dashed-dotted lines their nal
proles (t > 60tdyn ). The analyti Hernquist proles are indi ated by the red dashed line.
Bottom left panel: Radial velo ity dispersion of the total system (blue solid: initially, blue
dashed-dotted: nal), the bulge and the halo separately. Inside 0.3a∗ the model is ae ted
by two-body relaxation, but overall it is stable. Right panels: Time evolution of the radii
en losing 80%, 50%, 30% and 10% mass (bla k lines from top to bottom) of the bulge
(top panel) and halo (bottom panel). The red lines show the ee tive radius of the bulge
(upper panel) and the gravitational radius of the whole system (bottom panel). Ex ept the
10% radius of the bulge, whi h shows a slight in rease, all mass radii stay onstant over
> 60 dynami al times.
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Run
B1ho
B1am
HB1ho
HB1am
B10hod
B10amd
B10ho
HB10hod
HB10amd
HB10ho

Gen.
3
2
3
2
10
10
10
10
6
10

a∗,sat
1.0
1.0
1.0
1.0
1.0
1.0
0.5
1.0
1.0
0.5

Mub (%)
12.3
15.0
10.1
8.8
21.8
20.9
21.7
35.6
19.5
20.9

M∗,ub (%)
12.3
15.0
2.5
2.0
21.8
20.9
21.7
20.4
7.9
7.2

Table 6.1: This table gives the name of the hierar hy (1st olumn), the number of

generations (2nd), the initial s ale radius of the satellite (3rd), the amount of unbound
mass of the total nal remnant (4th) and the orresponding stellar mass loss (5th). The
name an be explained as followed; B/HB: bulge or halo+bulge, 1/10: major/minor merger,
am/ho: orbit with/without angular momentum. In the ase of the minor merger s enarios,
/d indi ates wether we hose a ompa t or diuse satellite.

the a retion s enario, the one- and two- omponent host galaxies both have N∗ = 105
bulge parti les and the latter has NDM = 106 halo parti les. The satellites have ten
times less parti les for all omponents.
In Figure 6.1 we demonstrate the stability of the bulge only model with 160k parti les by omparing the initial and nal (100 dynami al times) density (top panel)
and radial velo ity dispersion (bottom panel) as a fun tion of radius to the analyti al
solution of the Hernquist sphere. In general the model is very stable after the whole
simulation time, ex ept in the innermost parts, where two-body relaxation be omes
important. At the highest densities, inside 10% of the s ale radius the relaxation time
trelax of the model is very small. Consequently two-body en ounters hange the entral
parti le's energy and deplete the high density regions. Looking at the initial and nal
number of parti les within 0.1a∗ , we nd that half of the parti les es ape this region
and go to lower binding energies, whi h is in good agreement to the results of Se tion
4.3. However, at larger radii the models are very stable with a very good agreement
with the analyti al solution. The radii en losing 30, 50 and 80 per ent of the stellar
mass stay perfe tly onstant.
The stability of the two- omponent system is demonstrated in Fig. 6.2. Our initial
model, onstru ted of two Hernquist spheres, is again very stable over a long simulation
period of more than 60 dynami al times. The density and the velo ity dispersion do not
hange signi antly. Again the innermost regions of the bulge distribution are ae ted
by two-body relaxation as the parti le number is similar to the former one- omponent
sphere. However, looking at the mass radii of the bulge and the halo we observe no
signi ant hanges. The apparent ontra tion of the mass radii en losing 80% or 50%
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is less than 5% for the halo and less than 2% for the bulge and is an artefa t of the
ut-o radius (see Se tion 4.3). The gravitational radius and the ee tive radius whi h
we use in this paper stay onstant.
Therefore we on lude that our results are not ae ted by two-body relaxation and
other numeri al artifa ts on the initial onditions.

6.3 Analyti Predi tions
Naab et al. (2009) found a very simple pres ription of how stellar systems evolve during
a merger event. This will be extended later on and therefore is reviewed briey. Using
the virial theorem and assuming energy onservation we an approximate the ratios of
2
the initial to the nal mean square speed hvi/f
i, gravitational radius rg,i/f and density
ρi/f of a merging system. A ording to Binney & Tremaine (2008) the total energy of
a system is

1
Ei = Ki + Wi = −Ki = Wi
2
1
1 GMi2
= − Mi hvi2 i = −
,
2
2 rg,i

(6.5)

where Ei and Mi are the system's initial total energy and mass. The gravitational
radius is dened as

rg,i ≡

GMi2
,
Wi

(6.6)

with the total potential energy Wi . Now we dene Ea , Ma , rg,a and hva2 i as the energy,
mass, gravitational radius and mean square speed of the a reted system. Furthermore, η = Ma /Mi and ǫ = hva2i/hvi2 i are the dimensionless mass and velo ity fra tions
respe tively. By ombining these assumptions with equation 6.5 we obtain

hvf2 i
(1 + ηǫ)
=
,
2
hvi i
(1 + η)
rg,f
(1 + η)2
=
,
rg,i
(1 + ηǫ)
ρf
(1 + ηǫ)3
=
,
ρi
(1 + η)5

(6.7)
(6.8)
(6.9)

for the ratios of the nal to initial mean square speed, gravitational radius and density.
In the very simple ase of an equal mass merger of two identi al systems η = ǫ = 1,
rg is doubled (Eq. 6.8), hv 2 i stays onstant (Eq. 6.7) and ρ de reases by a fa tor of 4
(Eq. 6.9). If we use equations 6.7-6.9 for a minor merger s enario, where hva2 i << hvi2 i
and ǫ << 1, the size of the nal system an in rease by a fa tor of ∼ 4, as r ∝ M 2 .
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Additionally, the nal velo ity dispersion and density are redu ed by a fa tor of 2 and
32, respe tively. These hanges are quantitatively in good agreement with observations.
However, this simple, analyti model suers from a number of limitations, apart
from the restri tions to paraboli orbits and ollisionless systems. The ee t of violent
relaxation (Lynden-Bell, 1967) in the rapidly hanging potential during the merger will
s atter parti les in the energy spa e, making some more bound and unbind others from
the system. Thus, energy is not perfe tly onserved. Additionally, realisti spheroidal
galaxies are omposed of two ollisionless omponents, dark and luminous matter with
dierent spatial distributions, whi h are expe ted to rea t dierently to a merger event.
In the following we investigate the ee t of violent relaxation and dark matter for
spheroidal mergers with mass ratios of 1:1 and 1:10.

6.4 Major Mergers
In the ase of equal-mass mergers, the ee t of violent relaxation is very strong and
has a signi ant ee t on the dierential energy distributions of the remnants. The left
panel of Fig. 6.3 indi ates, that the initial narrow distribution (bla k line) be omes
broader with ea h generation in a way that tightly bound parti les get even more bound
and some weakly bound ones gain enough energy to es ape the gala ti potential. The
theoreti al framework of violent relaxation is very omplex and sin e the pioneering
work of Lynden-Bell (1967), there have been many approa hes to develop a more viable
theory, whi h an des ribe the nal equilibrium onguration of a violently relaxing
system (e.g. Shu 1978; Nakamura 2000). In the following, we briey repeat the original
approa h of Lynden-Bell (1967) (Se tion 5.3.1), before we dis uss our results with
respe t to another slightly dierent approa h of Spergel & Hernquist (1992).

6.4.1 Violent relaxation
During the approa h of two ollisionless systems the total gravitational potential Φ
varies with time, whi h leads to a non- onservation of energy of single parti les,
(Lynden-Bell, 1967; Spergel & Hernquist, 1992)

dǫ
∂Φ
=− ,
dt
∂t

(6.10)

where ǫ is the energy per unit mass. In a ordan e with the time dependent virial
theorem,

1 d2 I
= 2T + V,
2 dt2

(6.11)

where I is the moment of inertia tensor, the galaxy will onvert its total potential
energy V into kineti energy T and ba k. In equilibrium, I¨ = 0 so T = −E, V = 2E ,
with E = T + V being the total energy. Away from equilibrium the total energy E is
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Figure 6.3: Left panel: Energy distribution of the initial host galaxy and three generations

of head-on major mergers (B1ho). The initial distribution (solid bla k line) is broadened by
ea h merger towards lower and higher (es apers) energies. Finally the most bound parti les
have two times their initial binding energy. The mean energy of the total system stays
onstant (verti al dashed lines). Right panel: Here we investigate the ee t of violent
relaxation on the parti les of one galaxy. The overall evolution is the same as in the left
panel, i.e. the nal width is the same. Looking at three dierent energy bins at high (red,
−0.85 < ǫ < −0.81), intermediate (green, −0.55 < ǫ < −0.51) and low binding energies
(light blue, −0.1 < ǫ < −0.06), they show a dierent evolution. As the innermost and
the intermediate bin suer more from violent relaxation, their nal width is mu h broader
ompared to the outermost bin. Additionally, due to the es aping parti les, the latter bin
annot be tted by a gaussian, whereas the other two bins an be tted by a gaussian with
a width of σ = 0.14. The verti al lines indi ate, that the mean of the most bound parti le
is shifted to even higher binding energies (to the left) ompared to the other two bins.
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onstant, but T and V s atter about these values, whi h widens the dierential energy
distribution N(E), where N(E) gives the number N of stars within an energy interval
E + dE .
This evolution is illustrated in the left panel of Fig. 6.3, where the energy distribution N(ǫ) be omes wider with ea h higher merger generation. Spergel & Hernquist
(1992) did similar simulations and nd exa tly the same results. Using the Ansatz
that violent relaxation an be approximated by s attering ee ts of single parti les,
they nd an analyti predi tion of the nal equilibrium onguration of an equal-mass
merger. Furthermore, they illustrate, that the probability fun tion of the s attering
ee ts be omes gaussian. In the right panel of Fig. 6.3 we sele t three dierent partile bins, with low (−0.06 < E < −0.1), intermediate (−0.55 < E < −0.51) and high
(−0.85 < E < −0.81) binding energies from the initial host galaxy. After the nal
merger, these narrow bins are broadened signi antly and the two innermost bins an
be perfe tly tted by a gaussian of width σ = 0.14. Due to es aping parti les, the outermost bin does not develop a gaussian shape. Furthermore, the verti al lines indi ate,
that the mean energy of the innermost bin (red lines) is signi antly shifted to higher
binding energies, whereas the mean energies of the intermediate and weakly bound parti les only show a small shift to higher and lower binding energies, respe tively. Further
investigation of the innermost energy bin indi ates that, at the rst lose en ounter, it
is shifted to higher binding energies (left panel Fig. 6.4, t = 110 → 120) and broadened
by a fa tor of 3 (σ = 0.2 → 0.6). This an be explained by a sudden deepening of the
potential, as ea h galaxy experien es a doubled mass in its enter during their losest
approa h (see also right panel of Fig. 6.4). Afterwards, the two galaxies separate and
the mean energy goes nearly ba k to its original value, without further broadening
(t = 130). During the se ond lose en ounter, this s enario is repeated, i.e. the highest
energy bin is shifted to even higher binding energies a ompanied by a strong widening
(t = 130 → 140), before it os illates ba k into a less bound state (t = 140 → 150). But
now, the parti le bin resides at a slightly higher mean binding energy and does not go
ba k to its initial position. In the right panel of Fig. 6.4 we depi t the evolution of the
mean potentials of the three energy bins shown in Fig. 6.3, whi h os illate strongly for
the strong bound parti les (red, green line). Additionally, for the innermost bin, the
energy shifts and broadening is obviously orrelated to these potential u tuations. On
the other hand, we an see, that these u tuations vanish rapidly, due to phase mixing,
whi h results in a so alled in omplete relaxation (Lynden-Bell, 1967; Shu, 1978).
Che king the ee t of two-body relaxation for the isolated host during the same time
interval yields a mu h weaker ee t (e.g. σ = 0.02 → 0.03 between t = 110 → 160). To
get a omparable broadening by two-body relaxation, we have to run the simulation
for more than 2000 time steps (see Se tion 5.1)
Therefore, we on lude, that violent relaxation yields a signi ant widening of single
energy bins, whi h results in a mu h broader dierential energy distribution. As a
onsequen e, some of the weakly bound parti les a quire positive binding energies and
an es ape the remnants potential. On the other hand, violent relaxation oers new
energy states by deepening the total gravitational potential, into whi h the most bound
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Figure 6.4: Left panel: Time evolution for the energy distribution of the most bound
energy bin in Fig. 6.3 (red bin). The initial distribution at t = 100 (0) is slightly broadened
to σ110 = 0.02 (1) by two-body relaxation. At the rst lose en ounter t ≈ 120 (2) the
potential hanges rapidly (see also right panel), the parti les get shifted to higher binding
energies and the energy distribution widens to σ120 = 0.06. As the two galaxies y away
from ea h other, the potential in reases and the parti les go ba k to lower binding energies
(3) without further broadening of the distribution. During the se ond lose en ounter, this
s enario repeats, i.e. the distribution be omes broader when the mean energy is shifted
to a higher binding energy (4). After t = 150 (5) the entral regions show only negligible
potential u tuations and the parti le distribution is slowly ae ted by two-body relaxation.
In the merger, the innermost energy bin is broadened from 0.02 − 0.1, while in isolation,
the same bin only is slightly ae ted by two-body relaxation (σ = 0.02 → 0.03) in the
same time interval. Right panel: The u tuations of the mean potential of the three energy
bins in Fig. 6.3 are strongest in the entral regions (red bin) and de rease for lower bound
parti les (green/light blue bin, Fig. 6.3). For the outermost bin, the u tuations are too
small to be visible in this panel.
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Figure 6.5: Top panel: Dierential energy distribution for two- omponent initial on-

ditions (bla k) and after the rst (blue), se ond (green), and third (red) generation. The
solid lines depi t the distribution of all parti les, the dashed lines of the bulge and the
dotted lines of the halo. In general, the evolution of the total system is similar to the
one- omponent system (left panel, Fig. 6.3). The mean binding energies of the remnants
(verti al dashed lines) stay onstant. However, relatively more dark matter parti les than
bulge parti les are s attered to low energies (more bound), thereby in reasing the entral
dark matter fra tion. Bottom panel: The entral ratio of dark matter to bulge parti les,
al ulated for ten energy bins, in reases with ea h generation. Finally, there are nearly as
many dark matter as bulge parti les in the innermost bin. The small verti al lines at the
top of the panel indi ate the energy of the 50% most bound bulge parti les, whi h stays
onstant after the rst merger.
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parti les are s attered. As result, they be ome even more tightly bound.
In the top panel of Fig. 6.5 we an see, that the overall energy distribution of
the same merger history of two- omponent models (solid lines) evolves the same as
for the one omponent models, i.e. the tightly bound parti les go to states with even
higher binding energies and some low bound ones get unbound (positive energies). But
looking at the dierent omponents separately, we an see, that with ea h generation,
the number of dark matter parti les in the highly bound regions in rease more than
the number of bulge parti les. This behavior an also be seen in the bottom panel
of Fig. 6.5, as the fra tion of dark matter to bulge parti les onverges to one in the
entral regions. As the energy of the 50% most bound bulge parti les, indi ated by
the small verti al lines at the top of this panel, only hanges for the rst generation,
this indi ates that the stru ture of the system hanges, whi h implies a 'real' hange
of the dark matter fra tion. The fa t, that more dark matter than bulge parti les
wander to higher binding energies is illustrated in Fig. 6.6, where we take a loser look
at the remnant of the rst merger generation. Overall, the amount of dark matter,
going to higher binding energies, is signi antly larger for most of the ten energy bins,
espe ially for ǫ ≥ −1.2, whi h is the region where the initial number of halo parti les
equals the number of bulge parti les (see top panel Fig. 6.5). Although there are only
very few dark matter parti les in the initially most bound regions, a non-negligible
amount o upies the nally most bound state of the remnant.
Finally, we an say, that violent relaxation rearranges the distributions of dark and
luminous matter in energy spa e, whi h yields a higher dark matter fra tion in the
enter of the nal system, whi h is not just an ee t of the in reasing mass radius.

6.4.2 Velo ity dispersion
One ru ial ondition of violent relaxation is, that ea h merging system evolves to a
state of higher entropy. Ideally, if violent relaxation would be omplete, the nal state
of a relaxing system should be the maximum entropy state, the isothermal sphere. In
reality, phase mixing damps the potential u tuations of a merger rapidly, and violent
relaxation is in omplete, whi h results in a nal equilibrium distribution whi h does
not rea h a maximum entropy state.
Nevertheless the left panel of Fig. 6.7 shows that the radial velo ity dispersion of
the nal remnant (red line) in the one- omponent merger s enario an well be tted by
a Jae prole (Jae, 1983), whi h resembles the inner parts of the singular isothermal
sphere (Tremaine et al., 1994). In the ase of two- omponent models (right panel Fig.
6.7) we get the same result, i.e. the total (solid line) and also the bulge prole (dotted
line) get lose to a Jae prole. Spergel & Hernquist (1992) nd the same trend for
only one generation of a head-on equal mass merger, whi h leads to the on lusion,
that although the maximum entropy state an never be rea hed, ea h major merger
event brings the nal system loser to this state. Another proof, that the stru ture of
the systems hanges is shown by the stru ture parameter c in both panels of Fig. 6.7.
As the parameter hanges and the nal energy distribution of both merger hierar hies
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Figure 6.6: This panel shows, in whi h bins bulge and halo parti les get s attered during
the rst merger (bla k to blue line in Fig. 6.5). Initially, the binding energies ǫ < −2.0
are not o upied, whi h means that the bin left to this energy onsists of parti les, whi h
ome from higher energies, highlighted by a the intermediate blue (halo) and red (bulge)
histograms with left pointing arrow. At energies ǫ ≥ −2.0 there are also parti les whi h
stay in its initial energy bin, whi h is depi ted by the dark blue (halo) and dark red (bulge)
histograms with arrows pointing downwards. The light blue/red regions with the right
pointing arrows at the top right of the gure show all the halo/bulge parti les whi h go
from higher to lower binding energies. All energy bins are normalized to ea h bins total
number of parti les. Overall we an see, that in most of the nal energy bins (espe ially at
ǫ ≥ −1.2), mu h more dark matter than bulge parti les ome from higher binding energies,
whi h is onsistent with the in reasing fra tion of entral dark matter parti les (bottom
panel Fig. 6.5).
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Top left: Final radial velo ity dispersions of the one- omponent merger
generations (B1ho). The olors depi t the dierent generations. The dashed-dotted line
indi ates the velo ity dispersion of a Jae prole, whi h has the same s ale length and mass
as the last remnant. The latter prole resembles the inner parts of the singular isothermal
sphere whi h is a very good t to our last merger remnant. As the stru ture parameters
c de reases with ea h generation homology is not preserved. Bottom left: Anisotropy
parameter β (eq. 6.12) against radius of three generations of one- omponent equal-mass
mergers. As β > 0 for higher generations the remnants be ome radially anisotropi over
the whole radial range. The half-mass radius r50 is the radius of the sphere, whi h in ludes
half of the bound system mass. Top right panel: Here we show the same as in the left
panel for the head-on two- omponent mergers (HB1ho). The bottom right panel depi ts
the anisotropy parameter for the bulge. Here, r50 is the spheri al half mass radii of the
total (top) and stellar (bottom) bound remnants.
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have a dierent shape (see above), homology is not preserved.
Furthermore, in the bottom panels of Fig. 6.7 we an see, that the initially isotropi
remnants be ome radially anisotropi over nearly the whole radial range. Already after
the rst merger generation the anisotropy parameter (Binney & Tremaine, 2008)

β =1−

σθ2 + σφ2
.
2σr2

(6.12)

gets positive, whi h indi ates radial anisotropy. But this result is not surprising, as we
only use orbits with very small or zero impa t parameter. Consequently, most of the
material falls in radially, whi h then auses the velo ity distribution to be ome radially
biased (see also Boylan-Kol hin & Ma 2004).

6.4.3 System Evolution
In Fig. 6.8 we ompare the simple theoreti al predi tions for the gravitational radius
(Eq. 6.8), the density (Eq. 6.9) and the mean square speeds (Eq. 6.7) to the dierent
major merger s enarios.
The top panel shows the evolution of the mean square speeds of the one- and twoomponent equal mass mergers with the total bound mass of the system. A ording to
Eq. 6.7 the mean square speed should remain un hanged (dashed line), but obviously it
in reases with ea h generation. As a onsequen e, the growth of the total gravitational
radius (middle panel of Fig. 6.9) and the density de rease (bottom panel of Fig. 6.9)
is weaker than expe ted. The same trend was reported by Nipoti et al. (2003, 2009a)
who argued that the simple analyti al predi tion is only valid for an idealized ase
without es aping parti les. In the 4th olumn of table 6.1 we an see, that the amount
of unbound mass after the merger is not negligible and adds up to about 12, 15, 10
and 9% per ent of the total mass for the s enarios B1ho, B1am, HB1ho and HB1am
respe tively. As the oales en e time for the one- omponent mergers with angular
momentum (B1am) is longer than for the head-on orbits, this hierar hy suers most
from violent relaxation and has the largest amount of es aping parti les. The same
ee t an be seen for the two- omponent ase, where two merger generations with
angular momentum have nearly as mu h mass loss as three generations of the head-on
ounterparts (≈ 9% ompared to ≈ 10%). Looking at the last olumn of table 6.1 we
an see, that nearly all es aping parti les for the bulge+halo models are from the halo,
as nearly no stellar mass gets lost (M∗,ub < 3%).
Going ba k to the analyti predi tions and taking the ee t of es apers into a ount
(see also Nipoti et al., 2003) we an re-write the energy equation using the energy of
the bound nal system Ef and the energy of the es aping parti les Eesc ,

Ef + Eesc = Ei + Ea .

(6.13)

We assume that the es aping parti les have essentially zero potential energy, so that

1
2
Eesc = + Mesc hvesc
i.
2

(6.14)
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Figure 6.8: Normalized evolution of the mean square speeds (top panel), gravitational

radii (middle panel) and densities within the gravitational radius (bottom panel) for all
equal-mass merger hierar hies (see table 6.1) plotted against the normalized bound system
mass Mb,i . The dieren e in evolution, to a simple analyti al estimate (bla k dashed line,
Eqs. 6.7, 6.8, and 6.9) an be a ounted for by es apers (dashed-dotted lines, Eqs. 6.156.17).
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With α ≡ Mesc /Mi as the ratio of mass, lost in es apers to initial mass and β ≡
2
hvesc
i/hvi2i as the ratio of the mean square speed of the es apers and the initial system,
we an now re-write equations 6.7 to 6.9 as

hvf2 i
(1 + ηǫ + αβ)
=
,
2
hvi i
(1 + η − α)
(1 + η − α)2
rg,f
=
rg,i
(1 + ηǫ + αβ)

(6.15)
(6.16)

and

(1 + ηǫ + αβ)3
ρf
=
.
ρi
(1 + η − α)5

(6.17)

The dashed-dotted lines in Fig. 6.8 indi ate that the updated analyti predi tions are
in good agreement with our simulation results. The deviations are less than a few per
ent for the one- and two- omponent models, respe tively.
The situation be omes more ompli ated, if we separate the velo ities of the bulge
and the halo omponent (left panel of Fig. 6.9). The mean square speed of the bulge
(green squares) in reases more (nally > 50%) with respe t to the total system (bla k
squares), whereas the halo (blue squares) speed stays below the total. Here violent
relaxation and dynami al fri tion lead to an energy transfer from the bulge to the
halo, i.e. the nal bulge is more tightly bound than the initial one (see also BoylanKol hin et al. 2005 for a dis ussion of the ee t of dierent orbits).
This ee t an be estimated based on the ratio of dark and stellar matter. The
total kineti energy of the system is
2
2
m∗ hv∗2 i + mdm hvdm
i = mtot hvtot
i.

(6.18)

2
2
2
With mtot ≡ m∗ + mdm and introdu ing ∆hv∗/dm
i = hv∗/dm
i − hvtot
i we obtain,
2
m∗ ∆hv∗2 i + mdm ∆hvdm
i=0

(6.19)

and the additional growth of the stellar mean square speeds is

∆hv∗2 i = −

mdm
2
∆hvdm
i.
m∗

(6.20)

2
i we an onsistently
If we now add ∆hv∗2 i to the mean square speed of the galaxy hvtot
predi t the bulge dispersion (green solid line in the left panel of Fig. 6.9).
As violent relaxation s atters parti les into states with higher binding energy, the
entral region be omes slightly ontra ted relative to the totals system growth (depi ted by the gravitational radius). In the right panel of Fig. 6.9 we show the radii
en losing the 20, 50 and 80 % most bound parti les normalized to the evolution of the
gravitational radius. The inner regions expand less and the outer regions more than
the gravitational radius. This ee t is already des ribed in White (1978, 1979) and
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Figure 6.9: Left panel: Here we ompare the mean square speeds of the total system
(bla k squares), the halo (blue squares) and the bulge (green squares) for the simulations
of two- omponent models with head-on orbits (HB1ho). The more rapid in rease of the
bulge velo ities an be explained by an energy transfer from the halo to the bulge (green
solid line, see Eq. 6.20). In the entral regions this ee t is even more e ient, as the
mean square speeds within the spheri al half-mass radius ( orresponding triangles) of the
bulge in rease more. The dashed green line indi ates the expe tation of Eq. 6.20 for the
entral region and the green star depi ts the mean ee tive velo ity dispersion. Right panel:
Evolution of the radii en losing the 20% (dashed), 50% (solid) and 80% (dashed-dotted)
most bound parti les normalized to the evolution of the gravitational radius , rg , (same
olors as in Fig. 6.8). The inner regions expand less and the outer regions more than the
gravitational radius. All ratios are normalized to the initial values.
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also lead to a signi ant non-homology of the system (see also Boylan-Kol hin et al.
2005), as it evolves through su essive mergers.
On the other hand, this high entral density leads to higher entral velo ities (tri2
angles, left panel Fig. 6.9). If we now add ∆hv∗2 i (Eq. 6.20) to hvtot
i for the entral
regions we again get a very good predi tion for the entral bulge velo ity (green dotted
line).
Now we hange fo us from theoreti al galaxy properties, like the gravitational radius, to dire tly observable galaxy properties like the line-of-sight velo ity dispersion
σe , the ee tive radius re and the proje ted surfa e density Σe . We dene re as the
mean radius in luding half of the proje ted bound stellar mass along the three major
axis and σe , Σe as the mean proje ted velo ity dispersions and mean surfa e densities within re , respe tively. The green stars in the top panel of Fig. 6.10 show, that
the ee tive velo ity dispersion σe2 for the two- omponent mergers with head-on orbits
(HB1ho) evolves similar to the entral mean square speeds of the bulge (left panel
Fig. 6.9), with a nal value a fa tor ∼ 1.9 higher than initial. For the one- omponent
merger hierar hies, the entral regions are also ae ted by the ontra tion ee t and
the innermost mass radii grow less than the gravitational radius (right panel Fig. 6.9).
This ee t is stronger for the s enario with angular momentum orbits, as the nal
oales en e takes longer and therefore, σe2 in reases more ompared to the head-on
ase (top panel Fig. 6.10). That means that the amount of es aping parti les, whi h
additionally leads to a ontra tion of the entral regions (right panel Fig. 6.9), hanges
σe of both systems, but for the two- omponent mergers there is an additional transfer
of kineti energy from the halo to the bulge parti les.
In ontrast to the gravitational radii, the observable ee tive radii of one- and twoomponent major mergers follow the simple analyti predi tions Eq. 6.7-6.9, although
the dispersion does not. As re ∝ M/σe2 we would expe t smaller radii, similar to the
evolution of the gravitational radii in Fig. 6.8. Proje tion ee ts an be ruled out, as
the spheri al half-mass radii of the bound remnants evolve similar to re and it annot be
an ee t of dark matter alone. As dis ussed in Nipoti et al. (2003) and Boylan-Kol hin
et al. (2005) and looking at the dierent evolution of dierent mass radii (right panel
Fig. 6.9), we also nd, that the systems hange their internal stru ture with ea h
merger generation. This ee t of non-homology an be quantied by the stru ture
parameter c whi h onne ts the stellar mass of the systems to its observed size and
velo ity dispersion (see also Figs. 6.7),

M∗ = c ·

re σe2
,
G

(6.21)

where we dene M∗ as the bound bulge mass of the merger remnants, to get a omparable value for c of both merger hierar hies (see also Prugniel & Simien 1997; Nipoti et al.
2009b). A hange in c indi ates that the merger remnants do not have a self-similar
stru ture. For the major mergers we nd a ontinuous de rease of c with ea h merger
generation (lled ir les in Fig. 6.11). The de rease after one merger generation is
slightly stronger (fa tor of 1.8) for the models in luding dark matter (red and green
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Figure 6.10: Same as Fig. 6.8 but for 'observable' bulge properties like the ee tive
line-of-sight velo ity dispersion (top panel), the proje ted spheri al half-mass (ee tive)
radius (middle panel) and the ee tive surfa e density (bottom panel) versus the bound
stellar mass normalized to the initial stellar mass. The dashed lines indi ate the simple
analyti predi tions (Eqs. 6.7, 6.8, and 6.9) and the dotted line in the top panel is the
expe tation for σe2 (see also Fig. 6.9). Surprisingly, the observable values for the bulge sizes
(and therefore ee tive surfa e brightness) agree with the analyti predi tion.
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Figure 6.11: The dark matter fra tion (stars) within the spheri al half-mass radius of

the bulge, fdm = Mdm /(Mdm +M∗ ) of the two- omponent major mergers versus the bound
mass, normalized to the initial mass. The entral dark matter fra tion (r < r50,b ) in reases
by a fa tor of 1.5 after three generations for the head-on orbits (green). The lled ir les
indi ate the evolution of the stru ture parameter c = GMbulge /(re σe2 ). The parameter
de reases for one- omponent and two- omponent systems indi ating a break in homology.
ir les) ompared to the bulge only model with radial orbits (fa tor of 1.5; bla k irles). This dis repan y an be explained by the in reasing dark matter fra tion (stars,
Fig. 6.11) within the spheri al half-mass radius of the bulge+halo models. In se tion
6.4.1 we have already shown, that this is not just an ee t of in reasing radii (as argued
by Nipoti et al. 2009b). In the enter, the amount of dark matter parti les grows more
ompared to bulge parti les and we observe a real in rease of entral the dark matter
fra tion. This is in good agreement to Boylan-Kol hin et al. (2005), who also nds
that, espe ially for equal-mass mergers on radial orbits, homology is not preserved and
the dark matter fra tion in reases.
Finally, looking at the s aling relations for the rst remnant, we obtain reasonable
results ompared to, e.g. Boylan-Kol hin et al. (2005), who looked at merger remnants
after one generation of equal-mass mergers. The rst remnants of our equal-mass
merger s enario, gives a mass-size relation,

re ∝ M∗α ,

(6.22)

with α = 0.8 − 1.0 and a mass-velo ity-dispersion relation,

M∗ ∝ σeβ ,

(6.23)

with β = 3.3−5.1. Compared to observations (e.g. α = 0.56, Shen et al. 2003), our size
in rease is too high. But as Boylan-Kol hin et al. (2005) already pointed out, radial
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orbits yield an higher growth in size and velo ity. As our orbits all have zero or very
small peri entri distan es, this explains the dis repan ies with the observations.

6.5 Minor Mergers
In this se tion we investigate the ee t of minor mergers with initial mass-ratios of 1:10.
In ontrast to major mergers, the theoreti ally predi ted size in rease per added mass
would be higher a ompanied with a signi ant de rease of the velo ity dispersions and
densities (Eq. 6.7-6.9).
In Figs. 6.12 and 6.13 we show the total energy distributions (solid lines) for a
sequen e of head-on, one- (B10ho ) and two- omponent (HB10hod) minor mergers,
respe tively. For both, nearly all es aping parti les are from the satellites (red dasheddotted line in both gures), whi h indi ates that violent relaxation only ae ts the
in-falling material and has a negligible ee t on the distribution of the host parti les.
As the satellites are less bound than the host galaxy we get a very high fra tion of
unbound mass for the nal remnants. Furthermore, we an see that almost no a reted
parti les assemble at the entral regions. The shift of the highest bound parti les to
higher energies (right) in both s enarios is aused by two-body relaxation, whi h is
most ee tive in these high density regions (see Se tion 5.1). Combining this shift
with the ee t, that most satellite parti les assemble at low binding energies, we get
an in rease of the mean binding energies. For the bulge only mergers, this de rease of
the mean energy an also be predi ted analyti ally.
The potential energy for a Hernquist sphere is (Hernquist, 1990),

W =−

GM 2
,
6a

(6.24)

and a ording to the virial theorem the total energy of a system in equilibrium is

GM 2
1
.
E= W =−
2
12a

(6.25)

a
we dene the ratio of the
Additionally to the formerly dened mass ratio η ≡ M
Mi
aa
a reted and initial s ale radii as ζ ≡ ai . Assuming energy onservation for a zero
energy orbit, the system's nal energy is:

Ma2
Mi2
−
12ai 12aa
2
(ηMi )2
M2
η2
M
= − i (1 + )
= − i −
12ai
12ζai
12ai
ζ
2
η
= Ei (1 + )
ζ

Ef = Ei + Ea = −

(6.26)
(6.27)
(6.28)
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Figure 6.12: Dierential energy distribution for the initial one- omponent system (bla k)

and two (purple), ve (blue), eight (green), and 10 generations of 1:10 head-on mergers
(B10ho ). The red dashed-dotted line indi ates the energy distribution of all a reted
material, whi h shows that nearly all es apers ome from the satellites and nearly no parti les
assemble at the enter. In ontrast to equal-mass mergers (left panel, Fig. 6.4) all bound
parti les be ome less bound as the mean binding energy of the systems (verti al dashed
lines) de reases with ea h merger generation.
Furthermore we al ulate the mean nal energy εf ,
2

εf

M2

2

Ei (1 + ηζ )
− 12ai i (1 + ηζ )
Ef
=
=
=
M
Mh + Ms
Mh (1 + η)
2 


η2 
1 + ηζ
Mi 1 + ζ
= −εi
= −
12ai 1 + η
1+η

(6.29)
(6.30)

Here we used the fa t that for equal mass parti les the total number of parti les is
equivalent to the total mass M . In the ase of an equal mass merger of two identi al
systems η = ζ = 1 and εf = εi , i.e. the mean energy of the system stays onstant (see
also top panels Figs. 7.3, 7.5). But for the numeri al setup of the rst minor merger
generation B10ho (B10hod), where η = 0.1 and ζ = 0.5(1.0), the nal mean energy is
εi /εf = 0.92(0.93), in agreement with the simulations (Fig.6.12).
Taking a loser look on the energy distribution of the bulge of the s enario HB10hod
(dashed lines, top panel Fig. 6.13) we an dire tly see, that most stellar parti les a rete
at energies ǫ > −0.4, reating an overdensity of bulge parti les. Consequently the ratio
of dark matter parti les to bulge parti les de reases for ǫ > −0.4 (bottom panel of Fig.
6.13). In the latter panel we an also see, that this ratio stays onstant for all parti les
with ǫ < −0.4 and as the binding energy of the 50% most bound parti les go to higher
energies, the dark matter matter fra tion in reases (see also Fig.6.16).
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Figure 6.13: Top panel: Dierential energy distribution for the initial two- omponent

system (bla k) and two (purple), ve (blue), eight (green), and 10 generations of 1:10 mergers (HB10hod). The red dashed-dotted line shows that all parti les with positive binding
energies are from the satellites, whi h means that violent relaxation only unbinds satellite
parti les and the energy distribution of the host stays unae ted. In ontrast to equal-mass
mergers (Fig. 6.5) bound parti les be ome less bound, due to two-body relaxation. As for
the one- omponent model, the mean binding energy of the system (verti al dashed lines)
de reases with ea h merger generation. Bottom panel: The relative fra tion of dark matter
parti les and stellar parti les at low binding energies remains un hanged and de reases for
ǫ > −0.4. The short verti al lines at the top of this panel indi ate that the energy of the
50% most bound bulge parti les gets shifted to higher lower binding energies.
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6.5.1 Velo ity dispersion
Next we fo us on the evolution of the velo ity dispersion proles (Fig. 6.14). Regarding
the dierential energy distribution (Figs. 6.12, 6.13) we have seen, that violent relaxation has no big inuen e on the entral regions of the host galaxies. In Fig. 6.14 we
an see, that this is also ree ted in the radial velo ity dispersion proles σr (r) of the
one- and two- omponent minor mergers. Espe ially in the ase of the one- omponent
s enario (e.g. B10hod in the top left panel) σr (r) keeps the initial Hernquist prole
(bla k dashed line) over the whole radial range. Che king the other one- omponent
s enarios, we also found, that even after 10 a retion events, the velo ity prole does
not hange. Furthermore, as β(r) = 0 (bottom left panel Fig. 6.14) all remnants (solid
lines) stay perfe tly isotropi . This pi ture hanges, if we just look at the a reted
material, whi h approa hes on radial orbits and thus shows growing radial anisotropy
β(r) > 0 with in reasing radius. Again this ee t is the same for all one- omponent
minor mergers, but it is slightly less pronoun ed in the ase, where the satellite's orbit
has some angular momentum.
The merger remnants of two- omponent models also indi ate hara teristi s, whi h
are onsistent with the evolution of their dierential energy distribution (Fig. 6.13).
Therefore, the total velo ity dispersion prole (solid lines in the right panel of Fig. 6.14)
and the one of the halo stay onstant. But as we have already seen, a lot of stellar
parti les reate a bump in the energy distribution (dashed lines in Fig. 6.13), whi h gets
more and more prominent with ea h subsequent generation. These a reted parti les
indu e an in reasing velo ity dispersion at radii larger than the spheri al half-mass
radius r50 (dotted lines, right panel Fig. 6.14). As the nal oales en e of the stellar
omponent in the 2C s enario is on radial orbits, independent of the initial onditions
(see also González-Gar ía & van Albada (2005)), the anisotropy parameter gets radially
biased for all of our minor mergers (e.g. HB10hod, bottom right panel of Fig. 6.14).
This ee t only o urs in the simulation in luding a dark matter halo, be ause then
the angular momentum of the in-falling satellite gets lost before the nal merger due
to enhan ed dynami al fri tion. Hen e, most of the stellar parti les approa h on radial
orbits and get, during the nal oales en e, stripped before rea hing the enter. If we
use the ompa t satellites, the overall trend does not hange, but more material gets
loser to the enter, as the parti les are more tightly bound and suer less from tidal
stripping.

6.5.2 System Evolution
The evolution of the total bound minor merger generations are depi ted in the left
panels of Fig. 6.15. Obviously the mean square speeds (top panel) of all hierar hies
de rease with in reasing mass. In all s enarios with diuse satellites (bla k, blue,
green and red lled ir les), the evolution is very lose to the virial expe tations of
Eqs. 6.7-6.9 (dashed line), although the mass loss is signi ant espe ially for the twoomponent models (red and green ir les). In table 6.1 we an see that the fra tion
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Figure 6.14: Top panel: The radial velo ity dispersion for the head-on minor mergers of
one- omponent models (B10ho ) stays onstant over most of the radial range. Only in the
very entral regions, it in reases slightly with ea h generation. The bla k dashed line is the
initial Hernquist prole and the red dashed-dotted line the velo ity dispersion of all bound
a reted parti les. Bottom panel: For the whole bound remnant, the velo ity distribution
stays perfe tly isotropi , as the anisotropy parameter β stays zero. Looking at the a reted
material (red dashed-dotted line), it gets radially anisotropi with in reasing radius. In both
panels the radius is normalized to the spheri al half-mass radius of the bound system.
Top panel: The radial velo ity dispersion of the total system (solid lines) for the head-on
minor mergers of two- omponent models (HB10hod) stays onstant over the whole radial
range. The dispersion of the bulge system (dotted line) builds up a prominent bump whi h
omes from the a reted material, that gets stripped in the outer parts of the host system.
The radii are normalized to the spheri al half-mass radius of the bulge. Bottom panel: The
anisotropy parameter of the bulge velo ities gets radially biased at radii greater than the
spheri al half-mass radii of the bulge.
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of es aping parti les is up to 35% for HB10hod and more than 20% for the other
s enarios. Furthermore, regarding the 2C models, most of the es ape fra tion is due
to the dark matter parti les. Going ba k to the evolution of hv 2 i, we an see, that
the orre ted predi tion of Eq. 6.15 (dashed-dotted line), whi h in ludes the ee t
of mass loss, perfe tly ts the results (e.g. s enario B10hod). Using more ompa t
satellites the nal de rease of velo ities (orange and purple ir les) is mu h weaker,
be ause they are more tightly bound. As they have half the s ale radius of the diuse
satellites, their binding energies and velo ities are two times higher whi h then doubles
the velo ity fra tion ǫ = hva2 i/hvi2 i of Eqs. 6.7-6.9 and yields a smaller de rease. In
ombination with the o urring mass loss, this explains the dierent evolution of the
mean square speeds. Nevertheless, in all s enarios the nal mean square speeds of
the total systems are 10 − 30% lower ompared to their initial host galaxies, whi h
is in good agreement to observations, that predi t a mild de rease of the ompa t
early-type's velo ity dispersions.
The evolution of the gravitational radii (middle left panel of Fig. 6.15) of the six
hierar hies evolve a ording to the mean square speeds, whi h is not surprising as
rg ∝ 1/hv 2i (see Eq. 6.5). In detail, this means, that the hierar hies with a diuse
satellite show a size in rease, whi h is onsistent with the analyti predi tions (dashed
line) and as the ompa t satellites are not able to e iently de rease the velo ities,
their gravitational radii grow only marginally. However, for all minor mergers the
maximum size growth is around a fa tor ∼ 2.4, whi h is by far too weak to explain the
observed evolution of ompa t early-type galaxies. For ompleteness, the bottom left
panel illustrates, that the mean density within the gravitational evolves a ording to
the gravitational radius (ρ ∝ rg−3 ).
In the right panels of Fig. 6.15 we illustrate the ee tive line-of-sight velo ity
dispersion σe (top), the ee tive radius re (middle) and the ee tive surfa e density of
all minor merger remnants. Obviously, the entral regions show nearly no evolution
of σe2 , ex ept the two bulge only s enarios with a diuse satellite (B10amd, B10hod).
Before we explain the dierent results, we rst look at the size evolution of the a ording
ee tive radii re (middle panel) and the ee tive surfa e densities (bottom panel).
Surprisingly, the sizes of nearly all merger remnants grow signi antly and for the
most e ient one (HB10ho ) the nal size is a fa tor 4.5 higher, whi h is even mu h
higher than the virial expe tation (Eq. 6.8). This strong evolution is also ree ted in
the ee tive surfa e densities (bottom panel), whi h de rease at maximum by an order
of magnitude.
In the ase of bulge only s enarios, the dierent evolutions of the entral parameters an be explained by stru tural hanges, measured by the stru ture parameter c
(Eq.6.21). In Fig. 6.16 the lled ir les show, that the three one- omponent minor
mergers indi ate dierent results. The B10ho sequen e evolves nearly self-similar, i.e.
it grows at all radii and nally does not hange its initial shape (see also Fig. 6.12).
Consequently, the total system evolves the same as the entral system and the in rease
of the ee tive radius is very similar to the gravitational radius (left middle panel).
Furthermore, due to the es apers, the do not grow notably, thus the al ulation of the
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Figure 6.15: Left panels: Evolution of the mean square speeds (top), the gravitational

radii (middle) and spheri al densities within rg (bottom) for all minor merger s enarios (see
table 6.1). The dashed lines in ea h panel are the idealized expe tations of Eqs. 6.7-6.9
for the all diuse one- omponent s enarios and the bla k dashed-dotted line depi ts the
orre ted expe tations of Eqs. 6.15-6.17 for the minor merger s enario B10hod.
Right panels: The squared mean line of sight velo ity dispersion (top), the mean ee tive
radius (middle) and the mean ee tive density (bottom) for the s enarios of the left panels.
In ontrast to the total system, the entral velo ity dispersion shows nearly no de rease,
ex ept for the hierar hy B10amd, but a very high size in rease. Only B10ho , with a
ompa t satellite stays below the idealized expe tations (dashed line). Here, the x-axis
indi ates the stellar masses of ea h remnant and not the total system masses.

82

Relaxation and Stripping

Figure 6.16: The left y-axis and the stars show an in reasing dark matter fra tion within

the spheri al half-mass radius of the bulge for the two- omponent minor mergers. The right
y-axis together with the ir les indi ate a strong de rease of the stru ture parameter c (eq.
6.21) for nearly all minor merger s enarios. Due to the high mass loss of some s enarios
we plot all values against the total system mass. Colors are the same as in Fig. 6.15.
ee tive line-of-sight velo ity dispersion is restri ted to the entral parts, with high
velo ities, and therefore stays onstant. The further two bulge only s enarios, both
in lude weakly bound satellites, whi h already loose most of their material in the outer
regions of the host galaxy. Hen e the latter ones build up an extended envelope, while
the enters stay unae ted, i.e. the stru tural properties of the remnants do hange
(see also bla k and blue ir les in Fig. 6.16). On the other hand, the development of
an extended envelope boosts the size growth of a system. As the the sequen e B10amd
(blue ir les) with an angular momentum orbit needs more time until the nal oalesen e, it suers more from tidal stripping and builds up the most extended envelope
of all bulge only models, whi h then results in the highest size growth. This implies,
that the al ulation of σe also in ludes parti les outside the innermost regions, where
the velo ities are lower and the velo ity dispersion within the ee tive radius de reases
(see also top right panel Fig. 6.14).
Regarding the evolution of the bulge+halo s enarios we additionally have to deal
with the ee t of dark matter, whi h also has a big inuen e on the evolution of the
observable properties. In the middle panel of Fig. 6.15 we an see, that all three
s enarios yield a signi ant size growth up to a fa tor of ∼ 4.5 (HB10ho ), whi h is
the onsequen e of a developing extended envelope. In Fig. 6.17 we illustrate the
evolution of the surfa e density along the major axis. Obviously, most of the a reted
material settles down at larger radii r > 10 and does not rea h the enter, whi h
dire tly highlights the build up of the stellar envelope and the stru tural hange of the
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Figure 6.17: Surfa e densities of the bulge along the major axis for the head-on minor

mergers of two- omponent models (HB10hod). The grey solid line indi ates the initial host
surfa e density, whi h is the same as the nal surfa e density of the host parti les (bla k
dashed line). Most of the satellite's material (dotted line) assembles at a radius r > 10 and
in reases the nal prole (bla k solid line) espe ially in the outer parts, while the entral
prole stays the same.
nal remnant. As the nal stru ture parameter is very similar for all two- omponent
minor mergers (green, red and purple ir les in Fig. 6.16), they all follow the same
evolutionary path with respe t to the size growth. In the ase of s enario HB10ho , the
satellite is a fa tor 2 ore bound, whi h indu es two onsequen es, rst, some parti les
go slightly further to the host's enter and se ond, less mass is lost during the merger
pro ess, whi h results in the most e ient size growth. So far, dark matter enhan es
tidal stripping and leads to the build up of an extended envelope, regardless of whi h
orbit we use. But as the radius in reases that rapidly, the ee tive radius goes into
regions whi h are more and more dark matter dominated, whi h nally results in a
highly in reasing dark matter fra tion (stars in Fig. 6.16). In the end the ratio of
initial to nal dark matter mass within the spheri al half-mass radius is a fa tor of
> 1.8 higher. But, ontrary to the equal-mass mergers, this in rease is just a result
of the size growth as the real fra tion of bulge to halo parti les do not hange over
most of the energy spa e (see bottom panel Fig. 6.13). Additionally, the in reasing
dark matter fra tion within the half-mass radius keeps the velo ities of stellar parti les
onstant out to a mu h larger radius ompared to the bulge only models (see also top
right panel Fig. 6.14). Therefore the ee tive line-of-sight velo ity dispersions in the
top right panel of Fig. 6.15 do not hange.
Altogether, we an say that minor mergers are very e ient drivers for the size
growth of spheroidal galaxies. As dark matter enhan es dynami al fri tion and tidal
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stripping, it enhan es the ee t and due to the nally high ee tive radii, the dark
matter fra tion also grows by nearly a fa tor of 2 after 10 generations of minor mergers.

6.6 Summary & Dis ussion
We have performed numeri al simulations of frequent major and minor mergers of
spheri al, isotropi galaxy models, whi h onsist of one- and two- omponent Hernquist
spheres. After testing the models for their stability we performed two and three generations of equal-mass mergers on orbits with and without angular momentum of either
one- or two- omponent models. The main results an be summarized as follows:

• During an equal-mass merger, violent relaxation plays an important role. First,
it leads to non-negligible amount of mass-loss and se ond, the dierential energy
distribution goes to mu h higher binding energies.
• Violent relaxation and mixing leads to a 'real' in rease of the entral dark matter
fra tion, as more dark matter than stellar parti les are mixed into the enter.
• Due to phase mixing, violent relaxation vanishes rapidly and therefore never
rea hes its nal state of an isothermal sphere. But with ea h subsequent equalmass generation we get loser to the state of maximum entropy and the nal
velo ity dispersion prole an well be tted by a Jae prole (Jae, 1983), whi h
resembles the inner parts of an isothermal sphere.
• All merger remnants get radially anisotropi velo ities, as we only use radial or
lose to radial orbits.
• This ae ts the merger remnants in a way, that the mean square speeds of the
total systems in rease signi antly and the size growth is less than expe ted from
theoreti al predi tions, whi h ignore es aping parti les.
• As the entral binding energies in rease signi antly, the entral velo ities and
the LOSVD in rease even more ompared to the total system.
• In luding dark matter enhan es dynami al fri tion whi h is able to transfer energy from the bulge to the surrounding halo and in reases the entral bulge
velo ities even more than in the one- omponent s enario.
• Due to a strongly de reasing stru ture parameter, homology breaks and the ee tive radii of the remnants evolve exa tly like the theoreti al expe tation (re α M ).
In the ase of minor mergers, the initial mass ratio is assumed to be 1:10 and we
used orbits with and without angular momentum. As initial satellite galaxies we take
two extreme ases, i.e. they are either very diuse or very ompa t. The main results
for the minor mergers are:
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• Violent relaxation does not ee t the overall dierential energy distributions of
the host galaxy.
• Due to dynami al fri tion and tidal stripping the stellar parti les develop a prominent bump at low binding energies.
• The velo ity dispersion of the bulge only (one- omponent) models do not hange
their shape, keep their initial Hernquist prole and stay isotropi over the whole
radial range.
• For two- omponent a retions the nal oales en e of the bulges always is on
radial orbits, the stellar velo ities be ome radially anisotropi at radii approximately larger than the spheri al half-mass radius
• Using diuse satellites, the mean square speeds of the remnants de rease with
ea h subsequent generation, whi h is only limited by the high amount of mass-loss
and onsequently the gravitational radii in rease mu h less than expe ted.
• The head-on minor mergers of ompa t one- omponent models evolve nearly
homologous, i.e. the observable values like the line-of-sight velo ity dispersion
and the ee tive radius evolve very lose to those of the whole system.
• In all other minor merger sequen es, we observe a dramati break of homology,
as the remnants build up an extended envelope of stars, while the entral onguration stays onstant.
• Therefore the ee tive radii in rease rapidly up to a fa tor of 4.5, whi h is mu h
loser to virial expe tations.
• The rapid size growth results in a signi ant in rease of the dark matter fra tion
within the spheri al half-mass radius up to a fa tor of ∼ 1.8.
• Due to the in reasing dark matter fra tion, the ee tive line-of-sight velo ity
dispersions do not de rease but stay onstant.
One important question whi h has to be solved for ellipti al galaxies is, how the
ompa t early-types at a redshift z ∼ 2 grow with time. As their stellar distribution
is already red without signi ant star formation, we used dry mergers to explain this
evolution. van Dokkum et al. (2010) nds a size-mass relation of re α M 2.04 , whi h
indi ates a size in rease of a fa tor of 4 as the galaxy's mass gets doubled sin e z ∼ 2.
The resulting relation of our minor merger s enarios of two- omponent models is even
higher re α M >2.04 up to a exponent of 2.4, whi h shows that dissipationless minor
mergers are a good way to solve this problem. However, Nipoti et al. (2009a) tried a
similar approa h and nd a mu h lower size in rease in their simulations (re ∝ M 1.09 ).
One reason for this big dis repan y is, that they al ulated the exponent of the stellar
mass by averaging over all their merger hierar hies. As they have more major mergers
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than minor mergers, this of ourse lowers the size in rease signi antly. Additionally,
they use a steeper slope for the stellar density prole of the host and the satellite
galaxies, where the size in rease an not be that e ient, as the a reted material
is more on entrated in the satellite's enter ompared to our setup. Finally, their
satellites are even more ompa t than our satellites whi h lie on an extrapolation of
the z = 2 mass-size relation of Williams et al. (2010).
Furthermore we nd that the dark matter fra tions for our idealized simulations
agree well with previous work, where the dark matter fra tion in reases in dry mergers.
This hanges the ratio of dynami al and stellar mass and might, e.g. help to explain
the tilt of the fundamental plane (Boylan-Kol hin et al., 2005). Of ourse, that is just
one possibility to explain the tilt and Grillo & Gobat (2010) suggest that it depends
more on M∗ /L, but it is not lear yet how strong the single ontributions are. We also
agree with Nipoti et al. (2009a), that the in rease of the dark matter fra tion is more
e ient for minor mergers and for this s enario is dominated by the rapid size growth.
But in ontrast to Nipoti et al. (2009a), we nd that the entral dark matter fra tion of
equal-mass mergers illustrates a 'real' hange aused by violent relaxation and mixing.
Looking at the velo ities at dierent radii, our minor merger results are not able
to explain re ent observations of very high velo ity dispersions at high redshift (van
Dokkum et al., 2009; van de Sande et al., 2011). Our results indi ate, that we get a
de rease of the mean square speeds of the total system, but the observed line-of-sight
velo ity dispersion hardly hanges. This indi ates, that simple dissipationless mergers
are not able to de rease the very high LOSVD of some ompa t early type galaxies (van
Dokkum et al., 2009). This problem might be solved, if we in lude some gas and AGN
feedba k or use more realisti galaxy models, whi h have dierent orbital properties.
But altogether our work shows that dissipationless dry mergers are able to in rease
the size of a ompa t early type galaxy. As we lie even above the observed predi tions
a small amount of gas, whi h is known to lower the size growth (Covington et al., 2011;
Hopkins et al., 2008), would perhaps not be enough to destroy this s enario.
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CHAPTER 7

SIZE AND PROFILE SHAPE
EVOLUTION OF MASSIVE
QUIESCENT GALAXIES
In this hapter, we fo us on the evolution of the density stru ture and the
size evolution of ompa t early-type galaxies and try to understand the importan e of dark matter. We know that the sizes and mass distributions of
ompa t, quies ent, massive galaxies evolve rapidly from z ∼ 2 − 3 to the
present. Many of the ∼ 1011 systems at high redshift have sizes of ∼1kp and
surfa e brightness proles with Sersi indi es < 4. At z = 0 ellipti al galaxies
above 2 · 1011 solar masses are more than a fa tor of 4 larger, indi ating a size
evolution of r ∝ M α with α ≥ 2. They also have surfa e brigtness proles
with nser ≥ 8. Within a hierar hi al galaxy formation s enario this evolution
an be explained under two assumptions. The galaxies predominantly grow
by mergers with lower mass galaxies and the galaxies have to be embedded in
massive dark matter halos so that stars of merging satellites are stripped at
large radii in reasing the prole shape parameter. We draw these on lusions
from idealized simulations of the growth of ompa t spheroidal galaxies - with
and without dark matter - by repeated ollisionless mergers with mass ratios
of 1:1, 1:5, and 1:10. In simulations without dark matter the sizes evolve less
than the orresponding bulge+halo s enarios. If the galaxies are embedded
in dark matter halos the stars of the lower mass satellites are more e iently
stripped at large radii resulting in a signi antly faster size in rease than expe ted from virial estimates. Repeated 1:5 mergers give α = 2.3 and after only
two merger generations the Sersi index has already in reased to nser > 8. For
an assumed mass in rease of the observed galaxies of a fa tor of two sin e z
=2 we on lude that the presen e of a massive dark matter halo around the
galaxies during their minor merger driven assembly is ne essary to explain simultaneously their large present day sizes, r > 4 kp and high Sersi indi es,
nser > 6.
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7.1 Introdu tion
In the urrently favored osmologi al ΛCDM model, the universe onsists of 24% matter
and 76% dark energy (Λ), where only 4% of the total matter is in baryoni form (e.g.
Spergel et al. (2007)). The other 96% onsist of old dark matter, whi h has not been
dete ted dire tly, but has been most su essfully applied to explain many observational
aveats like the rotation urves of spiral galaxies. On large s ales the ΛCDM model,
shows very good agreement with observations of the osmi mi rowave ba kground and
the large s ale stru ture of galaxies. In the ontext of the ΛCDM model, stru ture in
the universe forms bottom up (White & Rees, 1978; Davis et al., 1985), where the
rst obje ts ollapse at high redshifts due to u tuations in the ba kground density
eld. These rst obje ts merge and build up the dark matter halos of today's observed
galaxies.
The baryons assemble in the potential wells of these dark matter halos and form
stars whi h build the observable parts of the universe. The brightest and most massive
obje ts are ellipti al galaxies, whi h form at a redshift of z ∝ 2 − 3 in gas-ri h major
disk mergers (Davis et al., 1985; Bournaud et al., 2011) and due to giant old gas ows,
dire tly feeding the entral galaxy (Kere² et al., 2005; Naab et al., 2007, 2009; Joung
et al., 2009; Dekel et al., 2009; Kere² et al., 2009; Oser et al., 2010). Their subsequent
evolution is not fully understood yet, as these ellipti als are a fa tor ∼ 4-5 smaller than
their ounterparts in the present day universe. On the other hand, they are already
quies ent, without star formation, and are only a fa tor of ∼2 less massive (Daddi
et al., 2005; Trujillo et al., 2006; Longhetti et al., 2007; Toft et al., 2007; Zirm et al.,
2007; Trujillo et al., 2007; Zirm et al., 2007; Buitrago et al., 2008; van Dokkum et al.,
2008; Cimatti et al., 2008; Franx et al., 2008; Sara o et al., 2009; Damjanov et al.,
2009; Bezanson et al., 2009). In addition, they have very dierent surfa e brightness
proles. In parti ular, the ompa t, high redshift ellipti als always have steep power
law usps in their enter whereas the more extended present day ellipti als have ored
proles. This means, that tting a Sersi prole to ellipti al galaxies either results
in entral extra light, where the entral surfa e brightness is above the tted prole
or in ase of ore ellipti als the prole predi ts more light than the galaxy has. The
Sersi indi es, whi h are a measurement of the prole's urvature are ∼4 for the uspy
galaxies and ∼8-10 for the ore ellipti als. Furthermore, re ent observations of strong
gravitational lensing in the SLACS sample (Koopmans et al., 2006; Bolton et al., 2008;
Gavazzi et al., 2007, 2008; Auger et al., 2009, 2010) have revealed an in reasing entral
dark matter fra tion with stellar mass (Barnabè et al., 2011).
In this hapter, we investigate the evolution of ellipti al galaxies with the aid of highresolution N-body simulations of idealized one- and two- omponent galaxy models.
With dierent initial mass ratios and a dierent hoi e of merger orbits we explore the
ee t of frequent dissipationless galaxy mergers. In se tion 7.2 we give a short overview
of the galaxy properties and the simulation parameters. In Se tion 7.3 we present the
e ien y of dry mergers for the size growth of ompa t galaxies and in Se tion 7.4 we
look at the evolution of the surfa e densities and the mass assembly in multiple merger
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generations. In Se tion 7.5 we onvert our surfa e densities to viable surfa e brightness
proles and explore the evolution of the Sersi prole and in Se tions 7.6 we illustrate
the hange of dark matter fra tions. Finally we draw our on lusions in Se tion 7.7.

7.2 Simulations
We extend a set of simulations of dissipationless mergers of spheroidal galaxies with
and without dark matter halos and with mass ratios of 1:10 and 1:1, presented in
Chapter 6, by a new set of simulations with an initial mass-ratio of 1:5. We refer to
Chapters 4 and 6 for the details of the generation of the stable initial onditions and
briey summarize the simulations setup here. As initial galaxy models, we use isotropi ,
spheri al symmetri one- and two- omponent models whi h have a Hernquist density
prole (Hernquist, 1990) either for a bulge-only model (one- omponent, 1C) or a bulge
embedded in a Hernquist dark matter halo (two- omponent, 2C). For the latter ase
we assume a dark matter to stellar mass ratio of Mdm /M∗ = 10 and the ratio of the
s ale radii is adm /a∗ = 11 The host galaxies have a stellar mass of M∗,host = 1 and
a s ale radius of a∗,host = 1.0. Our satellite galaxies are very diuse and have for
both minor merger s enarios the same s ale radius a∗,sat = 1.0 and are initially 5 or
10 times less massive. For a better omparison to observations we hose a mass s ale
of M = 1011 M⊙ and a length s ale of r = 0.55kpc, whi h yields v = 884kms−1 and
t = 6.12 × 105 yr . In Fig. 7.1 we an see the positions of our initial galaxies, ompared
to the most re ent, observed mass-size relations. Of ourse, as we want to investigate
the evolution of a ompa t early-type ellipti al, our host galaxies (bla k lled ir le)
are below the relation of Williams et al. (2010) at a redshift of z ≈ 2 (red solid line)
and as the satellites are very diuse (red and green lled ir les), they are above an
extrapolation of this line. Therefore we also made omparison runs, where the satellites
would fall on the high redshift estimates (open ir les), i.e. for the mass ratios of 1:5
and 1:10 the satellites have a∗,sat = 0.8 × a∗,host and a∗,sat = 0.5 × a∗,host , respe tively.
In the ase of equal-mass mergers we simulated two merger generations of both
galaxy models. The rst generation was a paraboli merger of the galaxies represented
by the initial onditions. The se ond generation was a paraboli re-merger of the
dupli ated, randomly oriented, rst generation merger remnant, whi h was allowed
to dynami ally relax at the enter. The simulations were performed on orbits with
angular momentum and a peri entri distan e of one-half the bulge's spheri al halfmass radius of the progenitor remnants. Therefore the peri entri distan es in rease
with ea h merger generation.
The sequen es of minor mergers with initial mass-ratios of 1:5 (1:10) were also
simulated with one- and two- omponent models. Initially, the mass-ratio was 1:5 (1:10)
and the galaxies were set on paraboli orbits. The randomly oriented merger remnants
of the rst generations were then set on a paraboli orbit with the initial satellite galaxy
models and a mass-ratio of now 1:6 (1:11), and so on. We performed 6 generations of
1:10 mergers and 5 generations of 1:5 mergers using the diuse satellites (Sat 1:5 (1:10),
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Figure 7.1: The bla k lines show dierent observed mass-size relations of the presentday universe. The thi k solid lines are the estimates of Williams et al. (2010) for dierent
redshift bins. The orresponding dotted lines are the errors of the latter relations. The
lled ir les give the position of our ompa t host (bla k) and the diuse initial satellites of
the 1:5 (red) and 1:10 (green) minor merger hierar hies. The open ir les show the more
ompa t satellites, whi h would lie on an extrapolation of the z = 2 mass-size relation (red
line).
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see Fig. 7.1). For both s enarios, we set the peri entri distan es to half the spheri al
half-mass bulge radius of the massive progenitor galaxy. In the omparison runs, where
the satellites are more ompa t( Sat 1:5 (1:10), see Fig. 7.1) we omputed 4 generations
for the bulge+halo models with the same orbits as before, i.e. the peri entri distan es
are again the half-mass radii of the massive progenitor. In the bulge only s enario
with ompa t satellites we performed a full set of hierar hies, e.g. 5(10) generations
for the mass ratios of 1:5 (1:10). In the 1:10 s enario, we also add a hierar hy with
10 generations of head-on minor mergers using a ompa t two- omponent satellite (see
also Chapter 6).
Looking at the time-s ales, we nd for our hoi e of physi al s aling, that the
longest set of simulations (the 1:10 bulge only) takes ≈ 9Gyr, whi h is very lose to
the lookba k time of ∼ 10Gyr (z = 2), but all other s enarios are ompleted in less
than ≈ 7Gyr. As the 1:10 bulge only s enario has no dark matter halo, the in-falling
satellites suer less from dynami al fri tion, and the nal oales en e takes by far the
longest time.

7.3 Size Evolution
After the ompletion of every merger, we allow the entral region of the remnant to
relax, before we ompute the proje ted ir ular half-mass radii, re , along the three
prin ipal axes and the bound stellar mass, M∗ . In Fig. 7.2 we show the evolution of
the mean value of the half-mass radius along the three prin ipal axes as a fun tion of
the bound stellar mass for 1:1 (blue), 1:5 (red), and 1:10 (green) merger hierar hies.
The bla k line shows the observed evolution, re ∝M2.04 , in the mass-size plane from
z ≈ 2 to the present day (van Dokkum et al., 2010). The shaded area beyond this line
indi ates the region, where the size growth per added mass is too small to explain the
evolution of ompa t early type galaxies.
Equal-mass mergers show an almost linear in rease of size with mass, (see also Hilz
et al. 2011 in prep., Boylan-Kol hin et al. 2005; Bezanson et al. 2009; Nipoti et al.
2009b), independent of whether the stellar system is embedded in a dark matter halo
or not (blue solid and dashed lines). As dis ussed in Boylan-Kol hin et al. (2005),
in mergers with dark matter halos the in-falling galaxy suers more from dynami al
fri tion in the massive dark matter halo of the ompanion galaxy, resulting in more
energy transfer from the bulge to the halo. This leads to a more tightly bound bulge
with a smaller size (blue solid line, Fig. 7.2) ompared to the model without dark
matter (blue dashed line, Fig. 7.2). If we ombine the results of both major mergers
this yields a mass-size relation of re ∝M0.91 whi h is similar to the results of BoylanKol hin et al. (2005), who found a smaller exponent (≈ 0.7) for orbits with high angular
momentum and an exponent of > 1 for pure radial orbits. Nevertheless, as the size
grows only linearly with mass, dissipationless major mergers annot be the main drivers
for the subsequent size evolution of ompa t early-type galaxies.
As expe ted, from simple virial estimates (Naab et al., 2009; Bezanson et al., 2009),
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Figure 7.2: The proje ted spheri al half-mass radius (the mean value along the three
prin ipal axes) as a fun tion of bound stellar mass for 1:1 (blue), 1:5 (red), and 1:10 (green)
mergers. The observed size growth is indi ated by the solid bla k line (van Dokkum et al.,
2010). The size evolution of models in the grey shaded area is too weak to be onsistent
with observations. All mergers of bulges embedded in massive dark matter halos and high
mass-ratios (1:5, 1:10, red and green solid/dashed-dotted lines) show a rapid enough size
evolution. The size evolution of the bulge-only models (short and long dashed lines) are
not e ient enough, ex ept the 1:10 s enario with a diuse satellite (green dashed line).
Additionally, we an see, that the a retion of ompa t satellites leads to less size growth
ompared to the diuse satellites, but for all bulge+halo s enarios it is still high enough with
re ∝ M >2.1 . After ten generations of 1:10 head-on mergers with ompa t satellites (thin
solid line), the size in reases by a fa tor of ≈ 4.5, whi h is more than enough ompared to
observations.
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the size evolution is stronger for bulge-only models with higher mass-ratios of 1:5 and
1:10. This is in good agreement with our simulations, as all red (1:5) and green (1:10)
dashed lines have a mu h larger size in rease per added mass, ompared to the equalmass mergers (blue lines). However, ex ept the 1:10 mass ratio with a diuse satellite
(green short dashed line), all minor mergers with bulge-only satellites are not e ient
enough to lie above the 'forbidden', grey shaded area, whi h indi ates a too weak size
growth, ompared to observations (van Dokkum et al., 2010).
This pi ture improves for minor mergers of two- omponent models, where bulges
are embedded in a massive dark matter halos. For all mass-ratios (1:5 and 1:10) and
models, i.e. for diuse (solid lines) as well for ompa t (dashed-dotted) satellites,
the size evolution is in ex ess to the observed evolution. In the ase of 1:5 minor
mergers, with a less ompa t satellite (red solid line) and for the head-on hierar hy
with a ompa t satellite (thin green line), we get a mass-size relation of re ∝M2.28 and
re ∝M2.45 , respe tively. As all green lines lie very lose to the latter s enario, we expe t
the exponent for all 1:10 mergers to be similar and well above the observed relation
(bla k solid line). All these models are a viable me hanism for size evolution even
in more realisti s enarios, where dissipational ee ts would redu e the size growth
(Covington et al., 2011; Hopkins et al., 2008).

7.4 Evolution of Surfa e Density
Next we take a loser look at the surfa e densities of the merger remnants. In the rst
and third panel of the left olumn in Fig. 7.3, the surfa e density of the equal-mass
mergers grows at all radii, i.e. the lines are shifted more or less parallel to higher
densities. This pi ture is the same for both major merger histories of one- (rst left)
and two- (third left) omponent models. Correspondingly, the mass assembles at all
radii, whi h is depi ted in the small panels beyond the respe tive surfa e densities.
This evolution s enario is ontrary to the observations of van Dokkum et al. (2010)
(Fig. 2.2, Chapter 2), whi h show, that the ompa t early-type galaxies grow insideout, i.e. the entral densities stay onstant and most of the mass assembles at larger
radii, building up an extended envelope of stars.
The se ond olumn depi ts the surfa e densities and mass assembly of the minor
mergers with an initial mass ratio of 1:5. For the bulge only models (top) with a
diuse satellite (Sat 1:5 in Fig. 7.1), the surfa e density stays nearly onstant out to a
radius of r ≈ 1 − 2kp and in reases mainly in the outer parts. This behavior an also
be seen for the orresponding mass assembly. The solid lines in the last two panels
of the se ond olumn show that the same s enario is even more e ient using twoomponent models. Due to the massive dark matter halo, most of the bulge parti les
get stripped at larger radii and the entral surfa e density stays unae ted. Therefore,
it just in reases at radii r > 2 − 3kp and most of the size growth is due to the build up
of a massive stellar envelope. The dotted line in these panels depi t the four remnants,
where the satellites are more ompa t ( Sat 1:5 in Fig. 7.1) and lie on the z ∼ 2
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Figure 7.3: First row of panels: Surfa e densities for the bulge only models. For the

equal-mass mergers (left), they in rease at all radii and for ve generations (from bla k
to red) of minor mergers with an initial mass ratio of 1:5 (middle) they grow more in the
outer regions. For an initial mass ratio of 1:10 (right), we an see the same behavior,
i.e. after the se ond (blue), forth (green) and sixth (red) generation the surfa e density
slightly in reases at large radii and stays onstant in the enter. The panels of the se ond
row show the mass assembly a ording to the surfa e densities of the top panels. Third
row: Surfa e densities of the orresponding two- omponent models. Again, for equal-mass
mergers (left), the surfa e density gets shifted parallel to higher values, but for a higher
initial mass ratio of 1:5 (1:10), we an learly see, that the entral surfa e densities stay
onstant and a lot of parti les assemble at radii larger than r > 2kp (r > 4kp ), whi h
is very similar to the inside-out growth s enario of van Dokkum et al. (2010) (see also
Fig. 2.2 in Chapter 2). Regarding the a ording mass assembly of the bulge+halo models
(bottom row), it is even more obvious, that the galaxies grow inside-out. The dotted lines
for the 1:5 minor mergers indi ate, that the a retion of a more ompa t satellite ( Sat
1:5) yields the same results. But in the 1:10 s enario with ompa t satellites, more material
goes further towards the enter and less material assembles at large radii. Nevertheless,
the entral density also stays onstant (for r < 2) and most of the a reted parti les build
up an extended envelope.
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relation of Williams et al. (2010). Obviously, as the s ale radii are very similar, the
results stay the same.
The six generations of minor mergers with an initial mass ratio of 1:10 are shown
in the last olumn of Fig. 7.3. In the ase of bulge only models (top), the surfa e
density grows predominantly at larger radii, similar to the previous s enario, but now
the satellite is even less bound ompared to the 1:5 ase and therefore, it gets destroyed
rapidly, even without a dark matter halo. In the ase of two- omponent minor mergers
of diuse satellites (solid lines, third and forth panel) this ee t be omes enhan ed, as
the satellite rst orbits through the massive dark matter halo, before it gets loser to
the host's enter. Then all the material gets stripped at very large radii and the surfa e
density stays onstant out to a radius of r = 5kp . Regarding the mass assembly, this
is even more obvious, as the entral mass stays onstant out to a radius of r ∼ 10kp .
Therefore, this s enario seems to be very e ient, as the outer surfa e density in reases
signi antly, although the total amount of added mass is 40% less than for the 1:5
hierar hy, where the initial host mass gets doubled. However, this evolution s enario
might be too extreme ompared to observations (Fig. 2.2) and we an rule out the
very diuse satellites at a redshift of z ∼ 2.
This pi ture hanges, if we use the more bound, ompa t satellite ( Sat 1:10),
depi ted with the dotted lines in the last two panels. As the s ale length of this
satellite is two times smaller, it is mu h more bound and resists the drag for e of the
host potential for a longer time. Consequently, more material gets loser to the entral
regions, the remnant's surfa e densities grow outside a radius of r > 2kp and more
mass assembles at smaller radii. Regarding the a ording mass assembly (last panel),
it grows predominantly outside a radius of 5kp , whi h is also more onsistent with
the observed evolution.
In Fig. 7.4 we show the evolution of a full set (10 generations) of two- omponent
minor mergers with a ompa t satellite ( Sat 1:10, Fig. 7.1), but due to mu h lower
omputation time, we took radial orbits. Comparing the surfa e densities of this sequen e (solid lines, Fig. 7.4) with the four generations with angular momentum (dotted
lines, Fig. 7.3 and 7.4), they evolve nearly the same. The surfa e densities (top panel)
stay onstant out to a radius of r ≈ 2kp and the high size growth of a fa tor of ≈ 4.5
(see se tion 7.3) is driven by building up an extended envelope of luminous material.
The mass assembly also looks very promising, as most of the parti les a rete at radii
larger than 5kp . The results of this s enario are very similar to the 1:5 minor mergers
of two- omponent models, whi h ni ely resemble the observations (van Dokkum et al.,
2010).
Altogether that means, that the mass assembly in minor mergers strongly depends
on the ee t of dynami al fri tion and tidal stripping, whi h of ourse are mu h more
e ient for the two- omponent models, where the dark matter strips the parti les of
the in-falling satellites at exa tly the right regions of the initial host galaxy. As onsequen e, nearly no material a retes in the entral regions and therefore the entral
surfa e density stays onstant. Looking at the a retion of diuse satellites in the 1:10
s enario, they seem to be too extreme and lose their material at too large radii. How-
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Figure 7.4: Top panel: Surfa e densities along the major axis for 10 generations of head-

on minor mergers with the ompa t bulge+halo satellite Sat 1:10 (Fig. 7.1). The dierent
olors give the generation and the dotted lines highlight the ompa t minor mergers with
angular momentum of the last panel in Fig. 7.3. Bottom panel: Assembled mass plotted
against the radius, as in Fig. 7.3. As our peri entri distan es are very small, both s enarios
show a very similar evolution, i.e. the more ompa t satellites go further to the enter,
ompared to the less bound satellites (Sat 1:10, Fig. 7.1), and the host assembles mass at
radii r > 5kp .
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ever, for the other bulge+halo models our results are in good agreement to observations,
where the ompa t early-type galaxies make up the entral ores of today's ellipti al
(Hopkins et al., 2009a; Bezanson et al., 2009; van Dokkum et al., 2010; Szomoru et al.,
2011). Without a dark matter halo, the ee t of dynami al fri tion is mu h weaker
and the minor mergers of bulge only systems give less promising results.

7.5 Prole Shape Evolution
For a long period, the surfa e brightness proles of ellipti al galaxies have been tted
by the de Vau ouleurs r 1/4 prole (de Vau ouleurs, 1948). But more re ent work shows,
that the urvature of the light proles seems to be very important as it orrelates to
other observed properties of ellipti al galaxies, su h as the ee tive radius re , the total
luminosity and the stellar mass (Caon et al., 1993; Nipoti et al., 2003; Naab & Trujillo,
2006; Kormendy et al., 2009). Therefore we use the Sersi r 1/n (Sersi , 1968) prole to
t the surfa e brightness proles of our simulations. The formula an be written as
1/n −1)

I(r) = Ie · 10−bn ((r/re )

,

(7.1)

where the three free parameters are half of the total luminosity Ie , the ee tive radius
re and the so alled Sersi index n, whi h gives the shape of the prole. The fa tor
bn , whi h only depends on n, is hosen su h that the ee tive radius re en loses half
of the total luminosity. For the expe ted range of Sersi indi es, this fa tor an be
approximated by the relation bn = 0.868n − 0.142 (Caon et al., 1993). In the ase of
n = 4, Eq. 7.1 redu es to the de Vau ouleurs r 1/4 law.
In order to get a better omparison to re ent observations of ellipti al galaxies (e.g.
Trujillo et al. 2004; Kormendy et al. 2009) we onvert the proje ted surfa e densities
of se tion 7.4 to a V-band surfa e brightness. Assuming a onstant mass-to-light ratio,
the radial luminosity prole an be written as

L(r) = Σ(r) · 10−MV /2.5 ,

(7.2)

where MV = 7.1973 is the absolute magnitude of a star in the V-band at a distan e
of 10pc, a stellar age of 1010 yr and lose to solar metalli ity Z = 0.02 (see Bruzual &
Charlot 2003). Σ(r) is the proje ted surfa e density of the previous se tion and the
V-band magnitude an be al ulated,

µV (r) = −2.5 · log L(r) + 21.5721,

(7.3)

where 21.5721 is just a fa tor to onvert surfa e density to mag/ar se 2 . As we want
to t µV with a Sersi fun tion we have to take the logarithm of Eq. 7.1 whi h yields

µ(r) = −2.5 log I(r) = µe + cn [(r/re )1/n − 1],
with cn = 2.5 · bn and µe = −2.5 log Ie .

(7.4)
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Figure 7.5: Top panels: Surfa e brightness proles µV (r) of the two- omponent major

(1:1) and minor merger (1:5) generations plotted against the radius. The bla k symbols
depi t the initial Hernquist prole, the blue symbols the prole of the rst remnant and
the red symbols the nal proles. The overplotted dashed lines in the orresponding olors
show the best tting Sersi fun tion, whi h yields an in reasing Sersi index n with ea h
subsequent merger generation. The tting range starts at 0.02 · re (re is the ee tive
radius of Fig. 7.2) and ends at either 10 · re or a limiting surfa e brightness of mV =
27mag/arcsec2 , whi h results in residuals ∆µ < 0.2mag/arcsec2 (small panels below).
As the proles show an arti ial ore like stru ture (given by the initial onditions), the
residuals in rease for very small radii and the tted ee tive radii re,f it (thin lines at the
bottom) are smaller than re of Fig. 7.1 (a ording arrows). Bottom panels: The same as in
the four top panels, for the 1:10 minor merger with the diuse satellite (Sat 1:10, left) and
for the full set of 10 generations with a ompa t satellite ( Sat 1:10) and head-on orbits
(right). In the rst ase, the nal surfa e brightness prole shows a prominent kink, whi h
results in an unrealisti high Sersi index n ∼ 20 for the best t. The minor mergers of
ompa t satellites, show more reasonable results, but the Sersi index saturates rapidly at
n ≈ 7 − 8, whi h is due to the small amount of added mass for the nal generations.
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Figure 7.5 shows the Sersi ts to the surfa e brightness proles of the equalmass mergers (1:1, top left), the 1:5 (top right) and 1:10 minor mergers with angular
momentum (bottom left) and the head-on s enario of Fig. 7.4 (bottom right). We
hose a tting range, so that we get a good t to the main parts of the prole (> 95%
along the major axis). If we start at 0.02 · re and either go out to more than 10 · re
or to a limiting surfa e brightness of mV = 27 mag/ar se −2 , whi h is the limit of
re ent observations (Trujillo et al., 2004; Kormendy et al., 2009), the residuals are very
small (∆µ < 0.2mag/ar se 2 ), ex ept in the innermost regions, where the proles have
a ore like stru ture. Looking at the proles of the initial Hernquist spheres (bla k
ir les in all panels) we an see that we get a shape parameter of n = 3.9, whi h
almost resembles the de Vau ouleurs prole (n = 4). As expe ted, the Hernquist
sphere is a very good approximation of the de Vau ouleurs r 1/4 law over a large radial
range and has a ore prole in the innermost region (see also Naab & Trujillo 2006).
Due to the ore, the tted Sersi prole overestimates the entral surfa e brightness
whi h leads to a tted ee tive radius re,f it (narrow verti al lines at the bottom of
ea h surfa e brightness panel), whi h is slightly smaller ompared to the 'real' ee tive
radius re ( orresponding arrows) of Fig. 7.1. This amount of 'arti ial extra-light' from
the tted prole a ounts for the dis repan y between these two radii, for all shown
merger s enarios.
In the ase of 1:1 mergers of two- omponent models (top left panel, Fig 7.5), we an
see that the prole shape barely hanges for the remnants. Therefore, the Sersi index
shows only a small in rease (see also bla k solid line, Fig. 7.6) ompared to the added
stellar mass M∗ , whi h is not enough to explain the very high numbers, observers nd
for large ore ellipti al galaxies (n ∼ 10, see Caon et al. 1993; Kormendy et al. 2009).
This is a onsequen e of the violent merging pro ess, where the material assembles at
all radii and the surfa e brightness gets shifted nearly parallel to higher values, but
does not signi antly hange the slope of the prole.
This pi ture hanges dramati ally if we go to higher initial mass ratios, where
the merging pro ess be omes dierent. In minor mergers violent relaxation does not
ae t the host galaxy (see Chapter 6), just the in-falling satellites. The latter one
instantaneous feels the deep potential well of the host at losest approa h and suers
strongly from rapid potential u tuations. Furthermore dynami al fri tion and tidal
stripping get more prominent, as the satellites are more loosely bound than the host
galaxy and the tidal for es are strong enough to strip a big amount of the satellite's
material (see also Se tion 5.2).
Therefore, in the ase of minor mergers, most of the a reted material assembles at
larger radii of the galaxy and the entral regions are hardly ae ted (see also se tion
7.4). Regarding the surfa e brightnesses of the 1:5 minor mergers (top right panel,
Fig. 7.5), this implies, that the urvature, measured by the Sersi index n, hanges
rapidly with ea h further generation (see also red solid line, Fig. 7.6). Already after
the rst generation with a mass in rease of a fa tor of ∼ 1.2 we get a Sersi index of
n > 7 and the nal remnant has a slope of n = 9.5, whi h perfe tly lies in the range of
observations (Caon et al., 1993; Kormendy et al., 2009). The orresponding bulge only
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Figure 7.6: Evolution of the Sersi indi es for all merger generations of Fig. 7.3, ex ept
the 1:10 s enario, whi h yields unrealisti ts (see bottom left, Fig. 7.5). As equal-mass
mergers do not signi antly hange the slopes of the surfa e brightness the Sersi index
after one generation is n ∼ 5 − 6 (bla k lines). For the bulge+halo minor mergers with a
mass ratio of 1:5 (red solid line), the slope in reases rapidly for the rst two generations
before it onverges to a nal value of n ∼ 9.5. The 1:10 head-on minor mergers with a
ompa t satellite (green solid line) show the same trend, i.e. an initial fast in rease of n
for the rst generations before it onverges to a value of n ∼ 7 − 8. For ompletness, the
dashed lines show the bulge only simulations, where the urvature for the minor mergers
stays below n = 8.
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s enario (red dashed line, Fig. 7.6) shows the same trend, and yields a nal Sersi index
of n = 7.8, but the overall evolution is mu h more e ient with two- omponent models.
This again indi ates, that the mass ratio and dark matter halo are very important, as
they in rease the ee t of dynami al fri tion and tidal stripping in a way, that the
a reted stellar mass assembles at the 'right' regions of the host galaxy, and leads to
the observed prole shapes of ore ellipti als.
If we further in rease the initial mass ratio to 1:10 (bottom panels, Fig. 7.5), we an
see that the Sersi index gets unrealisti large (n > 20) for the s enario with the diuse
satellite (left panel). As the satellite is only weakly bound, it looses all its mass at very
large radii, develops a kink at a radius of r ≈ 4kp and the best tting Sersi prole
yields a very high urvature. This pi ture improves, if we take more bound satellites
( Sat 1:10). Then the mass assembles more smoothly outside a radius of r ≈ 1.5kp
but still produ es an extended outer envelope (right panel, Fig. 7.5). Although the
evolution of the proles look very reasonable, the Sersi index onverges at a value of
n ≈ 7 − 8 (solid green line, Fig. 7.6), whi h an be explained with the very high mass
ratio of the nal generations (the last generation has a mass ratio of 1:19).
Altogether we an say that a massive dark matter halo enhan es the ee t of dynami al fri tion and tidal stripping. Considering satellites, whi h are not too weakly
bound, it is the main driver to a rete the luminous matter at the 'right' regions. Then
we also get reasonable results for the evolution of the Sersi index of n ∼ 8 − 10 (Fig.
7.6). In the ase of equal-mass mergers the ee t of violent relaxation and mixing is
more dominant and does not hange the slope of the surfa e brightness proles and we
only get a mild in rease after one generation n ∼ 5 − 6 (Fig. 7.6).

7.6 Dark Matter Fra tions
In this se tion we ompare the dark matter fra tions of our simulations with re ent
lensing observations, whi h predi t an in reasing dark matter fra tion for more massive
early-type ellipti als (Barnabè et al., 2011). In Fig. 7.7 we illustrate the dark matter
fra tions fdm for all bulge+halo simulations

fdm (r < r50 ) = Mdm (r < r50 )/Mtot (r < r50 ),

(7.5)

where r50 denotes the spheri al half-mass radius of the stellar omponent and Mdm ,
Mtot are the halo and total masses within r50 . Obviously, the dark matter fra tion
in reases rapidly with ea h subsequent minor merger generation regardless of whi h
mass ratio. This strong evolution with additional mass is a onsequen e of the rapid
size growth (Fig. 7.2, see also Se tion 6.5.2), whi h is in good agreement with (Nipoti
et al., 2009b), who nds similar results in his numeri al simulations. As the evolution
of fdm strongly orrelates with the nal radii of the merger remnants, the 1:5 s enario
with a more ompa t satellite (red dashed line), whi h indi ates the weakest size growth
(Fig. 7.2), also has the lowest dark matter fra tions of all minor merger s enarios. On
the other hand, all 1:10 bulge+halo s enarios grow rapidly with mass and therefore
have the highest and omparable evolutions for the dark matter fra tion.
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Evolution of the dark matter fra tion fdm within the spheri al half-mass
radius r50 for all bulge+halo mergers of this hapter. Due to the highly in reasing radii
(Fig. 7.2), the dark matter fra tions grow signi antly for all minor merger s enarios. As
the size in rease of the 1:5 s enario with a ompa t satellite (red dashed line) is the least
e ient of, its dark matter fra tion illustrates the lowest growth. For all 1:10 s enarios, fdm
evolves very similar, as their sizes all grow by nearly the same amount (Fig. 7.2). The dark
matter fra tion of the equal-mass mergers (bla k line) indi ate only a marginal evolution,
whi h is due to the low size growth. However, as we have seen in Se tion 6.4.1, major
mergers really hange the dark matter fra tion, as the violent merging pro ess mixes more
dark matter than stellar parti les into the enter.
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In the ase of equal-mass mergers, this looks somewhat dierent, i.e. they only
show a very small in rease of the dark matter fra tion, ompared to the added mass
(bla k line, Fig. 7.7). But as we already have seen in Se tion 6.4.1, the merging
pro ess hanges ompletely and the approa hing galaxies suer mu h more from violent
relaxation and mixing. Consequently, relatively more dark matter than stellar parti les
get s attered to the entral regions, whi h nally yields a real in rease of the dark
matter fra tion. This result is ontrary to (Nipoti et al., 2009b), who argues that
regardless of the merging pro ess, the dark matter fra tion in reases just due to the
size growth.
Going ba k to the observations of Barnabè et al. (2011), we an see, that our simplied minor merger hierar hies an reprodu e the evolution of the dark matter fra tions
of early-type ellipti als. Furthermore, our results are in quantitative good agreement
to their results using a Chabrier IMF (Chabrier, 2003). But as our simulations are
s ale free, we an easily res ale the mass range of our remnants, thus they better t
the results using a Salpeter IMF (Salpeter, 1955).

7.7 Dis ussion and Con lusion
We have performed a set of numeri al merger simulations of galaxy models whi h
onsist of either a one- omponent (bulge only) or a two- omponent (bulge+ dark matter
halo) Hernquist prole. Furthermore we used dierent initial mass ratios and orbits
with and without angular momentum to over a large range of parameters. Our main
ndings an be summarized as follows. Dry equal-mass mergers an not be the main
driver of galaxy evolution, be ause the remnants assemble mass at all radii and shift
the surfa e density nearly parallel to higher values. Therefore the slope of the surfa e
brightness proles are hardly ae ted and the Sersi index does not ex eed a value of
n ∼ 6 after one generation (Fig. 7.6). Additionally the size growth per added mass is
limited to re ∝ M 0.91 .
On the other hand, dissipationless minor mergers show very promising results. As
the satellites are loosely bound, they strongly suer from dynami al fri tion and tidal
stripping. Therefore, depending on the mas ratio, most of the mass assembles at
larger radii and the remnants develop a extended envelope of stars. For an initial
mass ratio of 1:5, the entral surfa e density/brightness stays onstant, out to a radius
of r ≈ 1.5kp whi h is in good agreement to re ent observations of high redshift
early-types (Szomoru et al., 2011) and the assumption, that the ompa t galaxies are
the ores of present day ellipti als (Hopkins et al., 2009a; Bezanson et al., 2009; van
Dokkum et al., 2010; Szomoru et al., 2011). Furthermore the tted Sersi proles
yield a urvature of n ∼ 8 − 10, whi h lies in the range of most of the observed ore
ellipti als (Caon et al., 1993; Kormendy et al., 2009). For a higher initial mass ratio,
the results highly depend on the properties of the satellite galaxies. If the satellites
are loosely bound (Sat 1:10, Fig. 7.1), they are destroyed rapidly in the ase of more
realisti bulge+halo models and the host's entral surfa e density stays onstant out
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to a radius of r ≈ 5kp . Additionally, the developing envelope of a reted parti les
reveals a prominent kink, whi h results in an unrealisti high Sersi index of n ≈ 20.
Using a ompa t, more bound, satellite ( Sat 1:10, Fig. 7.1), the a reted mass gets
loser to the enter and distributes more smoothly in the outer envelope, whi h then
yields reasonable Sersi indi es of n ≈ 7 − 8.
Regarding the size growth of the individual minor merger s enarios, we nd that
all remnants, where the bulge is embedded in a massive dark matter halo, lie above
the grey shaded area of Fig. 7.2 and are viable drivers for the evolution of ompa t
early-type ellipti als. In the most promising ases, namely the 1:5 sequen e with a
diuse satellite and the 1:10 sequen e with a ompa t satellite result in a mass-size
relation of re ∝ M 2.3 and re ∝ M 2.5 , respe tively. On the other hand, for the bulge
only minor mergers, only the hierar hy with a mass ratio of 1:10 and a diuse, weakly
bound satellite evolves in ex ess of the observed mass-size relation. The other s enarios
stay within the 'forbidden' area and are by far not e ient enough to give a proper
size in rease.
Furthermore, in Se tion 6, we have shown, that the merging history of our galaxy
models yield dark matter fra tions, whi h are in good agreement to re ent lensing
observations of the SLACS ollaboration. Our minor merger remnants also indi ate,
that the entral dark matter fra tions in rease with the stellar mass of early-type
ellipti als.
Combining all the results we an say, that only the minor mergers in luding a dark
matter halo give reasonable results for the observed inside-out growth of the surfa e
densities and surfa e brightnesses. Furthermore, only the bulge+halo minor mergers
always yield a size growth in ex ess to the observed predi tion of van Dokkum et al.
(2010) (see Fig. 2.2).
However, we use a very idealized s enario, without any gas or bla k hole physi s.
But even the existen e of a small amount of gas, whi h is known to redu e the size
growth (Covington et al., 2011; Hopkins et al., 2008), might not be e ient enough,
as we a hieve very high growth rates in most of the minor merger s enarios. On the
other hand, the implementation of bla k holes might boost the 'pu up' s enario, as
bla k hole binaries are able to deplete the entral galaxy regions from gas and stars
(Fan et al., 2008, 2010), and the observed ore stru ture of the most massive present
ellipti als will get more prominent.
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CHAPTER 8

CONCLUSION & OUTLOOK
Re ent observations have revealed a population of ompa t high redshift (z ∼ 2 − 3)
early-type galaxies, whi h are a fa tor 4-5 smaller than their present day ounterparts.
They are already very massive but have less on entrated surfa e density proles,
represented by small Sersi indi es of n ∼ 4. Furthermore, the stellar populations of
their present day ounterparts indi ate, that dissipation and star formation annot be
the main evolutionary me hanism. However, in the urrently favoured osmologi al
model, where stru ture grows hierar hi ally, dissipationless mergers are supposed to
be the main driver for the subsequent evolution of ompa t, high redshift early-type
galaxies. Therefore we employ a large set of more than 80 dissipationless merger
simulations, with a large avriety of orbits and initial agalxy models.
To a hieve this, we rst reated an initial ondition program, whi h overs a wide
range of dierent parameters (Chapter 4). In detail, this means, that we an either
hose galaxies onsisting of just a stellar omponent or a more realisti two- omponent
model, where the stellar bulge is embedded in a more massive dark matter halo. The
dark matter halo is xed to a Hernquist density distribution (Hernquist, 1990), but
the slope of the luminous part an vary between dierent γ -models (Dehnen, 1993;
Tremaine et al., 1994). Hen e, one an adopt either a steep density slope γ ∼ 2, resembling a uspy extra-light galaxy, or a ored prole γ = 0, whi h is observed for the
most massive ellipti als. First stability tests have shown, that the initial onditions
are very stable for one- and two- omponent galaxy models with dierent parti le resolutions and density slopes but equal mass parti les. We also reated more 'realisti '
galaxy models using the most re ent HOD models to get a viable dark to stellar mass
ratio of M∗ /Mdm ∼ 0.015 (Moster et al., 2010; Wake et al., 2011) for a M∗ = 1011 M⊙
galaxy at a redshift of z ∼ 2. In addition, we assigned them a size orresponding to
the most re ent mass-size relations of early-type ellipti als (Williams et al., 2010) at
this high redshift. In this setup, the dark matter parti les have a mu h higher mass
than the stellar parti les, and we have to use a mu h larger softening length ompared
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to the equal-mass models. This stems from two-body relaxation in the entral high
density regions, whi h additionally indu es mass segregation for unequal mass partiles (Chapter 5). Therefore, with a larger for e softening length, we prevent the more
massive dark matter parti les to sink to the enter and ki k out the less massive stellar
parti les. The adopted softening length is still small ompared to the ee tive galaxy
radius, so that the galaxies an be onsidered resolved and we obtain very stable results
for osmologi ally motivated galaxy models.
Using our well tested initial onditions, we are able to investigate the dynami s
of the merging pro ess with an unpre edented high a ura y and resolution. First we
fo used on equal-mass mergers of either one- or two- omponent models and found, that
violent relaxation and mixing are the dominant pro esses, whi h signi antly hange
the stru ture of the merger remnant's dierential energy distribution (Se tion 6.4).
Strong potential u tuations during the losest en ounters oer new energy states with
higher binding energies and unbind a non-negligible amount of initial weakly bound
parti les (see also White 1978). This evolution is the same for one- and two- omponent
models, but in the latter ase we display another striking result in the galaxy's enter,
where the amount of dark matter parti les in reases with respe t to the stellar parti les
and we obtain a 'real' in rease of the entral dark matter fra tion. This is ontrary
to the work of Nipoti et al. (2009b), who argues, that the in rease of the dark matter
fra tion is just an ee t of the in reasing galaxy size. However, we onvin ingly show,
that violent relaxation mixes more and more dark matter parti les to higher binding
energies for ea h subsequent merger generation, whi h hanges the ratio of stellar to
dark matter parti les, espe ially in the entral regions. Furthermore, the redistribution
of the parti le's energies auses the systems to seek for a new equilibrium onguration.
Therefore, the nal velo ity dispersion proles of the equal-mass merger remnants an
ni ely be tted by a Jae prole (Jae, 1983), whi h is in good agreement to Spergel &
Hernquist (1992). Unfortunately, the stru tural hanges and a transfer of energy from
the bulge to the halo in rease the velo ities of the merger remnants and onsequently
limit the size growth. However, the mass-size (re ∝ M∗0.8−1.0 ) and the mass-velo ity
relation (M∗ ∝ σe3.3−5.1 ) yields reasonable results ompared to a previous study of
Boylan-Kol hin et al. (2005).
Looking at the minor merger s enarios with initial mass ratios of 1:10, we worked
out, that rst of all, the dynami s is ompletely dierent and the host galaxy is not
ae ted by violent relaxation (Se tion 6.5). Therefore its entral properties are onserved and the velo ity dispersion proles of the total systems stay onstant for both,
one- and two- omponent models. But as the satellites are loosely bound ompared
to the host galaxies, they strongly suer from tidal stripping and nearly no material
rea hes the host's enter. The stripped material builds up an extended envelope of
stars, whi h signi antly boosts the size growth. Due to an enhan ed ee t of dynami al fri tion and tidal stripping in the dark matter halo of the bulge+halo model, this
mass assembly is very e ient, and we get a nal size in rease of more than a fa tor
of ∼ 4.5, whi h is exa tly in the observed range for the size growth of ompa t high
redshift ellipti als (Szomoru et al., 2011). Looking at the mass-size relations of all
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two- omponent s enarios with mass ratios of 1:5 and 1:10, we get re ∝ M∗>2.3 , whi h
is mu h steeper than the result of van Dokkum et al. (2010) (re ∝ M∗2 ).
As minor mergers seem to be very good andidates for driving the evolution of
early-type ellipti als we extend the previous set of simulations by a sequen e with an
initial mass ratio of 1:5, investigate in more detail the assembly history of the nal
remnants, and want to gure out the importan e of a dark matter halo (Chapter 7).
First of all, regarding the size evolution of the individual s enarios, we an see that only
the minor mergers with dark matter halo evolve as expe ted from observations. For
bulge only models, just one merger onguration with a very diuse satellite galaxy
evolves in ex ess to the observed relation. Looking at the evolution of the surfa e
densities, re ent observations reveal an inside-out growth with de reasing redshift (van
Dokkum et al., 2010; Szomoru et al., 2011). In detail this implies, that the entral
regions of high redshift early types stay unae ted and build the ores of present day
ellipti als, while they assemble a lot of stellar mass at larger radii, building up an outer
envelope. Surprisingly, this is exa tly what we nd for the surfa e densities of our
minor merger remnants (Se tion 7.4). While the proles of the equal-mass mergers
grow over the whole radial range, the entral proles of the minor merger s enarios
stay onstant, as most of the satellite's material gets stripped in the outer regions of
the host galaxy. Again, the s enarios with bulge+halo models yield more promising
results, as the extended massive dark matter halo enhan es tidal ee ts and strips
the material at the 'right' regions (r > 2kp ). Converting the surfa e densities of our
remnants to surfa e brightness proles, Sersi ts indi ate that for the rst generations,
the Sersi index n in reases most rapidly for the two- omponent minor mergers of both
mass ratios (1:5, 1:10). Although n onverges to a value between n = 7 − 8 for the
1:10 sequen e, the 1:5 sequen e of bulge+halo models is the only s enario, where we
get a high Sersi index of n ∼ 9 − 10, whi h is expe ted from observations. Finally, we
obtain an in reasing dark matter fra tion, whi h is onsistent with re ent observations
(Barnabè et al., 2011) for all minor merger hierar hies and we an on lude, that the
existen e of a dark matter halo is not just expe ted but is essential to get a viable
evolution s enario.
Altogether we an say, that we highlight a very promising s enario to lose the gap
between the ompa t high redshift ellipti als and their more extended ounterparts in
the present day Universe. To fortify our results, the next step would be to use more
realisti galaxy models, applying a ontra ted NFW-prole for the halo and extend the
galaxy by the potential of a supermassive bla k hole. Fan et al. (2008) showed, that
AGNs an also pu up galaxies and might even improve the results of the dissipationless
merger s enario. Regarding the dynami s of merging systems, it would be desireable
to investigate the impa t of dierent orbital properties, to estimate the ee t of, e.g.
hyperboli or bound orbits with dierent impa t parameters. Furthermore, we started
to look at the evolution of the very tight relation between a galaxy's es ape velo ity
vesc and its metalli ity (S ott et al., 2009).
Therefore we simply ompute a parti le's es ape velo ity of the initial host and
satellite galaxy and assign to it the a ording metalli ity. During ea h merger genera-
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Figure 8.1: Top panel: Evolution of the vesc-metalli ty relation for three generations of

equal-mass mergers. Due to the strong mixing, it hanges at all velo ities, and introdu es
an in reasing s atter for ea h subsequent generation. The solid lines are the best linear ts
to the orresponding data points. Bottom panel: Same as above for 10 generations of 1:10
minor mergers. Obviously, the entral relation does not hange and only the outerparts
with lower velo ities are ee t. Therefore the metalli ity seems to onverge to a value of
[Z/H] = −0.2. Furthermore, the s atter is mu h smaller and the relation stays very tight,
ompared to the equal-mass mergers.
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tion, the es ape velo ities of the parti les hange, but their metalli ities stay onstant,
thus we an evaluate the merger indu ed s atter in the vesc - metalli ity relation. As
observations show a very tight orrelation, we an approximate the ontribution of minor or major mergers for the evolution of ellipti al galaxies. The rst results indi ate,
that the vesc − [Z/H]-relation for equal-mass mergers (top panel, Fig. 8.1) hanges at
all radii and for all velo ities, whi h stems from the strong mixing, indu ed by violent relaxation. Therefore, the s atter in reases signi antly and the overall relation
be omes very broad. On the other hand, a sequen e of ten minor mergers with initial mass ratio of 1:10 (bottom panel, Fig. 8.1) introdu es only a small s atter in the
vesc − [Z/H]-relation and has no inuen e on the entral regions (with high velo ities).
Furthermore, with ea h generation, the metalli ity gradient be omes only weaker for
equal-mass mergers (Fig. 8.1), whi h is in good agreement with earlier predi tions of
White (1978) and Villumsen (1982). Further details of this s enario have to be tested.
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